Problems for Lecture 2 GRA 6035 / ELE 3781 Mathematics

Key Problems

Problem 1.
We consider the vectors vi = (1,34), vo = (—1,34), v3 = (5,34), v4 = (6,4,5), v5 = (4,2,3).
a) Is vs in span(vy,vy)?
b) Express v as a linear combination of vy, vg, v3, vy if possible.
¢) Are vi,vy, vy linearly independent vectors?
d) Are vy, vy, vs linearly independent vectors?
e) Determine the dimension of V' = span(vy, va, vs, v4,Vvs), and find a base of V.

)
f) Express v as a linear combination of vi,vg,v3, vy in a different way than in (b), if possible.

Problem 2.
Find a parametric description of the line through the points (1,2,1) and (4,5,3) in R3. Determine the intersection
points (x,y,z) of this line and the plane x — y + z = 6.

Problem 3.
Determine dim V' and dim W when V' = Col(A4), W = Null(A), and A is the 3 x 5 matrix A given below, and find

a base of V and W:
-1 5 6 4

1
A=12 4 -2 -2 -2
3 5 -1 -1 -1

Problem 4.
Let A be a 8 x 8 matrix with rank given by rk(A4) = 7 and let b be a vector in R®. Determine:

a) dim Null(A4) and dim Col(A)
b)

¢) The number of solutions of Ax =b

d) The number of solutions of Ax = 0 that satisfies 1 + xz2 + -+ 25 =1

The number of solutions of Ax =0

Problem 5.

We consider the vectors u = (1,1,2,1), v = (2,4, — 1,2) and w = (1,2,4,2).
a) Compute u-v and ||uf|.
b) Find the orthogonal projection proj,(u) of u onto v.

¢) Determine the scalar a such that v — a - w is orthogonal to w.

Exercise problems
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Answers to Key Problems

Problem 1.
a) Yes b) v5 = 6vy —4vy — vy
c¢) Yes d) Yes
e) dimV =3, and {vy,ve, vy} is a base of V f) vs =2v3 — vy
Problem 2.

Parametric description: (z,y,z) = (1 + 3t,2 + 3t,1 + 2t). Intersection point: (x,y,z) = (10,11,7).

Problem 3.
a) dimV = 3, and {vy, va,v4} is a base of V when v; is the i’th column vectors of A

b) dimW = 2, and {w;, ws} is a base for W when w; = (—3,2,1,0,0), wy = (—6,4,0,1,1)

Problem 4.
a) dimNull(4) = 1 and dim Col(A) =7
b) Infinitely many solutions (one degree of freedom)

c¢) Infinitely many solutions (one degree of freedom) if b is a linear combination of the columns of A, otherwise
no solutions

d) No solutions if (1,1,...,1) is a linear combination of the rows of A, otherwise one unique solution.

Problem 5.
a) u-v=6,||[ul| =7
b) proj,(u) =6/25-v
c) a=2/5



