Plenary Session 1 GRA 6035 / ELE 3781 Mathematics
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Key Problems

You should do the Key Problems as soon as possible after each lecture. They test your understanding of the most
important theories and methods presented in the lecture. You can work on Key Problems and get help in the
Exercise session/TA session the following Monday (Campus Bergen: Wednesday).

Problem 1.
Solve the linear system Ax = b using Gaussian elimination:
1 3 4 11 4 5 3 11 23
a) A=15 1 8],b=|[15 b)A=[2 5 0 3 |,b=]|17
4 5 9 23 323 7 14
1111 4 8 4 5 2 13
c) A=(1 3 1 5 18],b=|28 d)A=(3 4 1],b=|11
2 4 2 9 31 48 TT 7 17
Problem 2.
Find the rank of the following matrix:
11 -1 1 0
00 2 3 1
A=|3 0 2 3 1
36 0 0 -1
00 2 0 -1

Problem 3.
Let V be the set of solutions of the linear system Ax = b from Problem 1(b). What is the dimension of V?
Describe the set V' geometrically.

Problem 4.

We consider the following linear system. Find all solutions that satisfies z +w =y + 2:
x + y + 2z + 4w = 6
z + 2y + 4z — 2w = 9
z + 3y + 92 + Tw = 24

Problem 5.
We consider a 4 x 5 homogeneous linear system Ax = 0, and rk A = 4. How many solutions are there?

Exercise Problems

In addition to the Key Problems, you should try to do as many of the Exercise Problems as you can. They are
usually problems from the textbook or exam problems. You can work with Exercise Problems and get help in the
Exercise sessions/TA sessions on Mondays (Wednesdays). If you do not have time for all Exercise Problems in
the following week, make sure to do them later in the semester as revision.

Problems from the textbook: [E] 1.1 - 1.17

Eivind Eriksen, Office B3y-085, eivind.eriksen@bi.no Bl Norwegian Business School
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Problems for Lecture 2 GRA 6035 / ELE 3781 Mathematics

Key Problems

Problem 1.
We consider the vectors vi = (1,3,4), vo = (—1,3,4), v3 = (5,3,4), v4 = (6,4,5), v5s = (4,2,3).
a) Is v in span(vy, va)?
b) Express vs as a linear combination of vy, va, v3, v4 if possible.
c) Are vi,va, vy linearly independent vectors?
d) Are vy, Vg, Vs linearly independent vectors?

e
f

Determine the dimension of V' = span(vi, vy, vs,v4,Vs), and find a base of V.

Express vs as a linear combination of vy, vy, vs, vy in a different way than in (b), if possible.

)
)

Problem 2.
Find a parametric description of the line through the points (1,2,1) and (4,5,3) in R3. Determine the intersection
points (z,y,z) of this line and the plane z —y + z = 6.

Problem 3.
Determine dim V' and dim W when V' = Col(A), W = Null(A), and A is the 3 x 5 matrix A given below, and find

a base of V and W:
-1 5 6 4

1
A=12 4 -2 -2 -2
3 5 -1 -1 -1

Problem 4.
Let A be a 8 x 8 matrix with rank given by rk(A4) = 7 and let b be a vector in R®. Determine:

a) dim Null(A) and dim Col(A)
b) The number of solutions of Ax =0

c¢) The number of solutions of Ax =b

d) The number of solutions of Ax = 0 that satisfies 1 + 2o +---+ 253 =1

Exercise problems

Problems from the textbook: [E] 2.1 - 2.16
Exam problems: [Midterm 10/2019] Question 1, 2, 8
[Midterm 10/2022] Question 1, 2, 7

Eivind Eriksen, Office B3y-085, eivind.eriksen@bi.no Bl Norwegian Business School
https://www.dr-eriksen.no/teaching/GRA6035/ MSc Business/Finance
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Key Problems

Problem 1.
Compute A~! and A%

1 20 11 1 20
a) A=10 1 2 b) A= |1 cf A= |0 1 2
1 21 11 1 3 2
Problem 2.
Compute the determinant |A|:
1 3 2 Z (1) g g 1 1 1
a) A=(4 1 0 b) A= c) A=(1 p p?
9 _1 1 2 0 0 4 1 9
0310 19
Problem 3.

Use minors to determine the rank of A, and find columns of A that form a base for the column space Col(4). You
may combine minors with other methods if it is difficult to answer the questions using only minors.

4 1137 1 3 2 4 1 4 -3 1
a) A=[2 1 0 1 0 byA=[2 -1 7 3 o) A=[2 7 1 2
103 10 4 5 11 10 1 3 4 1
Problem 4.
Use minors to find the rank of these matrices:
1 3 2 -1
a)A=(111) b)A=|s 3 0 1 C)A:CLZ’D
4 6 2
Exercise Problems
Problems from the textbook: [E] 3.1 - 3.15
Exam problems: [Midterm 01/2020] Question 1, 2, 4, 8
[Final 11/2019] Question 1
Eivind Eriksen, Office B3y-085, eivind.eriksen@bi.no Bl Norwegian Business School
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Problems for Lecture 4 GRA 6035 / ELE 3781 Mathematics

Key Problems

Problem 1.
Find all eigenvalues of A, and a base for the eigenspace E) for each eigenvalue A:

943 ) aa=(% ) 0a-3 )
1
1
0

3
d)y A= |0
1

O = O
w o

01 1 0 1
e) A=|1 0 1 f) A={0 0
110 0 0

Problem 2.
For the matrix A in Problem 1 a) - f), determine whether A is diagonalizable, and find an invertible matrix P
and a diagonal matrix D such that P~'AP = D when this is possible.

Problem 3.
Find the eigenvalues of A, and show that A is diagonalizable:

1 0 0 4
02 30
= 03 20
4 0 0 1
Problem 4.
Use eigenvalues and eigenvectors of A to determine the limit of A™ when m — co.
0.40 0.15 0.77 0.46
8] A= (0.60 0.85) o) = <0.23 0.54)
Problem 5.

Show that when A is a 3 x 3 matrix, then the characteristic equation of A can be written as N4 N2 —coA+c3 =0,
where ¢; = tr(A), co = Mig12 + Maz 23 + Mi3;13 and c3 = det(A). Hint: Write down the characteristic equation
of a 3 x 3 matrix A = (a;;) with general coefficients. Then use the formula to find the characteristic equation and
the eigenvalues of the following matrices:

111 3 21 0 4 7
a) A=[2 4 0 b) A=|2 3 2 ) A={0 0 5
3 51 1 2 3 0 00
Exercise Problems
Problems from the textbook: [E] 4.1 - 4.7
Exam problems: [Midterm 10/2018] Question 1-6
[Midterm 10/2022] Question 3,6,8
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