Lecture B Tork 4 ELE 3781 Mathematics elective

Plan

1 Theory: Non-negative matrices
2 Application: Ranking models
3 Application: Population growth models

@ N On- W%OJ\\.VL waak cce

A = LO“)3 PT N> V\Cn-mscd\-\;& H D\)
o vk a2 o for as

waa ki K

A peshie (A> Q)

‘-\‘/ (en-weachver M 7 O Wowviz o feroalks

bl VY O X Wro

g F\ C\S‘(e‘?k ( dvrecked %vc..q-\\.r)

" Nodus, (2>)-mo
(o) e

= duoys ostow keor
Coftows) © |
/———\_yﬁ_y_\ﬁ

L aldFO (o)

M‘w—- Om\'sno\ 0.28
\1 o
O‘\‘ —s 5% 0.%¢
= A~ Q‘ 0-%6 s L — 9_0
ol
‘= o\ %

C-O\‘ Se 0\'\:\ ‘:)° ""\—QA %_ \ \ l’z' 'L

Qﬁ.gﬁ\)wf‘ '\ /‘lfs

o Mso

) “ ~ 1y
cow ' S A\ C_Gw\\n.s

Azo

Eivind Eriksen, Office B4-032

BI Norwegian Business School
https://www.dr-eriksen.no/teaching/ELE3781/

BSc in Business Analytics



ELE 3781 Mathematics elective

e gropa % called Yoremoly  Conncckek Tk Yew oy k
;rt-—\ °V‘~_'> veda o Oy :\’\-LP wodt A o Ll wleus 'k'

skepr .

Lecture B

A v cald _\LRML\AJL Yo v o\~ 1§

Oedn !
Sheomnly, Cennccd.
A\rernedvsdy A s wredietdd WK fer Ay
(/\ok\\c,o, Qi\j\ )3(\,\:& > QA %
\ ,_‘\’ X
o\ . .
Ex A=\, Q\\/ e
\ € dunsi
A = (?o (?3 Yor H"‘.
NaX l?r*—-&\xue_,
— \ © a.‘:_ — o~
- (o \3 e Lo Ko K 7‘*""
AS= T A=A =
o \
= v 6
\ D
A = ku \
Btk s f\ . Calla A \DY{.\A&\\\\-&L

‘\\_ T TP PRy
A* >0,
- A & o Marlkeor clran v-—a.k\-?.;(,‘\‘\a.\'.

P\'t;}\\-\‘rl- — (Q-aww

A ew:.&&e. lreyde~ - .L:'e- A" = K! (v~ \\_{>

rlgr\ov clhala

BI Norwegian Business School
BSc in Business Analytics

Eivind Eriksen, Office B4-032
https://www.dr-eriksen.no/teaching/ELE3781/



Lecture B ELE 3781 Mathematics elective
Rz0) &° Oi2o & al iy

e g —_—

/
T ( Pescron — F\’o\ac_x\'wg i o
D A W\ < _me-k\(b'( M* AN

ledAr W& oo o Acn-'\%&“""
Lertdanedbe ) Y

Y e s & C‘)\OM«mc.m\ canvalag  AR20 et Vb
ahsdw._Q \,>\\ < Aa ‘Q'-"'O..LL “&_\ SN, o ok A (real or ca.,.f‘u\

W\cf...d.p;
2 Twe & o Pevinic elgnveder Vpsowtt voveh,

A (non=erd

S Vs wasdkophcly A, and oy eveviker N 20
ok A Ts o positieor walhipw of WA

\ 2\ =2 %

7

H/ GAN L';ﬁf‘v“)*‘“‘-” 0“? A U""\"V\
adA Solkiiis ok @:— ’A’g‘t Gre S

\ Akl e

] 2 0 T— . Veredaed\R

o \—_

— Cregunlar?
-~ \ @ AQYV\VU‘.«'\ 'CMém.\m.\Au-
Vi ! R =0
Aty = O = \\ - \D Y Rees
A=\, az -\ D)\ = )
— === 'y—‘: (%\:K\\'\SL‘
VA e \
E kn o) v va=\) °f
- e
__\3 ) &Y‘(Q i N \
21 ) R
v=(9)=\3) L) A=l x=Un
—
- O e——
< S— ot & SRS “S
Eivind Eriksen, Office B4-032 BI Norwegian Business School

https://www.dr-eriksen.no/teaching/ELE3781/ BSc in Business Analytics



Lecture B

Q o 6
E_'(_" A:ksz)Q)

0O M O

ELE 3781 Mathematics elective

\ r e duo~c e

Wy s )
‘ kc Ve = U>
—A ko(‘— o) w-Ur@’O

_ x| =0

B

—

(x-\) (Faxx)=0O =
_ =\ ek
A=\ , A= 2-
A B8

T emm— |

Z- -—\"FS\-

_\-\'E'L —_

R ok erggrmvelan A
vtk \ X\ =20

"2 w
N = An
e <
. , Solat A% = %
Ck_-\i\ D P\' S ?(Uw\’\\d— (z . f’"“’ C&M’)
Eivind Eriksen, Office B4-032
https://www.dr-eriksen.no/teaching/ELE3781/

BI Norwegian Business School
BSc in Business Analytics



Untitled9

September 28, 2020

[1]: import immpy as np
from numpy import linalg as LA |/

[2]: A = np.array([[0.75,0.02,0.11,[0.2,0.9,0.2], [0.05,0.08,0.711) §
fB p.array([[0,0,6],[1/2,0,01,[0’1/3’0]])

[3]: |LA.eig(A)

Ee,. mlen
[3]: (array([i. , 0.7 , 0.651).° b
-8.08122036e-01, -7.07106781e-01],

et [-9.40720868e-01 5.05076272e-01, -1.59384710e-15],
ok E& [-2.82216261e-01 3.03045763e-01, 7.07106781e-0111))
~
/t);eo.a — 2Ase S

[4]: i LA. matrix_powe} (A, g) A<: —Rg

[4]: array([[0.28940219, 0.09010763 , 0.17337312],
[0.55462 , 0.72269 , 0.55462 1,
[0.15597781, 0.18720238 , 0.27200687]11])

[5]: LA.matrix_power(A,10)

[5]: array([[0.16077148, 0.12365308, 0.14730873] ,
[0.64783498, 0.67608251, 0.64783498],
[0.19139354, 0.20026441, 0.20485628]1)

[6]: gLA-;maErii;bs";&'(A’.106,_)_‘ B

— S ——— ==

[6]: array([[0.13333333,|0.13333333) 0.13333333],

[0.2 1)
[71: LA.eig(B)
[71: (array([-Q.5+0.8660254j, -0.5-0.8660254j, 1. +0.] D, J=
array([[ 0.88465174+0. j , 0.88465174-0.j ,
-0.88465174+0. j 1,
[-0.22116293-0.38306544], -0.22116293+0.38306544],
-0.44232587+0. j 1,

A

|



[-0.07372098+0.12768848j, -0.07372098-0.12768848],
-0.14744196+0. 110

[8]: LA.matrix_power(B,5)

[8]: array([[O. , 2. 5 03 ],
(0. , 0. , 3. 1,
[0.16666667, O , 0. 1]

[9]: LA.matrix_power(B,10)

[9]: array([[O. , 0. , 6. 1,
[0.5 , 0. , O. 1,
[o. , 0.33333333, 0. 1D

[10]: LA.matrix_power(B,100)

[10]: array([[O. , 0.
[0.5 s O 5 0s 1,
[o. , 0.33333333, 0. 1D

[11]: LA.matrix_power(B,101)

[11]: array([[O. , 2. , 0. 1,
fo. , 0. s 3 1,
[0.16666667, O. , 0. 1D

[12]: LA.matrix_power(B,102)

[12]: array([[1., 0., 0.],
[0., 1., 0.1,
[0., 0., 1.1D

[1:
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[8]:

[9]:

[3]:

[4] :

[4] :

[5]:

[7]:

[7]1:

[10]:

[11]:

[11]:

Example Leslie matrices

October 6, 2020
import numpy as np
import pandas as pd

A
v

np.array([[0,4,3],[0.5,0,0],[0,0.25,01])
np.array([[10], [10], [10]1])

eval, evect = np.linalg.eig(A)

eval

array([ 1.5 , —1.30901699, -0.190983011)
w = evect[:,0]

w/w.sum()

array([0.72, 0.24, 0.04])

rows = v.shape[0]

for i in range(12):
last = v.shape[1]
w = np.reshape(v[:,last-1], (rows, 1))
v = np.append(v,A.dot(w),axis=1)

array([[1.00000000e+01, 7.00000000e+01,
8.12500000e+01, 2.97812500e+02,
5.44492188e+02, 1.33333984e+03,
3.14754150e+03],
[1.00000000e+01, 5.00000000e+00,
7.18750000e+01, 4.06250000e+01,
3.13046875e+02, 2.72246094e+02,
1.43543213e+03],
[1.00000000e+01, 2.50000000e+00,
3.43750000e+00, 1.79687500e+01,
2.70507812e+01, 7.82617188e+01,

N

.75000000e+01,
.16406250e+02,
.32376953e+03,

= N

w

.50000000e+01,
.48906250e+02,
.66669922e+02,

o =

[

.25000000e+00,
.015662500e+01,
.80615234e+01,

[ I

.43750000e+02,
.26093750e+02,
.87086426e+03,

.37500000e+01,
.08203125e+02,
.61884766e+02,

.75000000e+00,
.72265625e+01,
.66667480e+02,



1.65471191e+02]11])
[12]: u = pd.Series(v[0])
[13]: u
[13]: 10.000000
70.000000
27.500000
143.750000
81.250000
297.812500
216.406250
626.093750
544.492188
1333.339844
1323.769531
2870.864258

12 3147.541504
dtype: float64

© 00 NO Ok WN - O

o
= O

[14]: u.plot()

[14]: <matplotlib.axes._subplots.AxesSubplot at 0x26ca0cf7490>

3000 4

2500 1

2000 4

1500

1000 4

500 1

[17]: u = pd.DataFrame(np.transpose(v))



[18]: u.plot()

[18]: <matplotlib.axes._subplots.AxesSubplot at 0x26ca0ed6250>

3000 4

2500 1

2000 4

1500

1000

500 4

[]1:



