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Problems

1. Find the derivative y of the following functions:
a)y=1t—312+5

b)y= (2> =1)(* ~ 1)

¢)y=(Inr)> —5Int+6

d) y=1n(3¢)
e) y= 567312+t
f) y= 5t2673t

2. Compute the following integrals:

a) [3dt

b) fo (P 4+ + 1yar
c) [Lar

d) [te!dt

e) [Inzdt

3. Find the general solution, and the particular solution satisfying y(0) = 1 in the
following differential equations:

a)y=2t.

b) y =

Q) y=(2t+1)e’+
. 2t+1

dy= 2+1+1

4. We consider the differential equation y 4y = ¢'. Show that y(r) = Ce™ + %e’ isa
solution of the differential equation for all values of the constant C.

5. Show that y = Ct? is a solution of ¢y = 2y for all choices of the constant C, and
find the particular solution satisfying y(1) = 2.

6. Solve the differential equation y?y = ¢ + 1, and find the integral curve that goes
through the point (¢,y) = (1,1).

7. Solve the following differential equations:

a)y=r—1
b)y=te —t
c)ey=t+1

8. Solve the following differential equations with initial conditions:

a)ty=y(1—1), with (t9,y0) = (1, 7)

b) (14+£3)y =t%y, with (ty,y0) = (0,2)

o) yy=t, with (to,y0) = (v2,1)

d) e?y—y*—2y=1, with (19,y0) = (0,0)



Challenging Optimization Problems for Advanced Students

These optimization problems are quite challenging and are meant for advanced stu-
dents. It is recommended that you work through the ordinary problems and exam
problems from Problem Sheet 5-9 and make sure that you master them before you
attempt Problem 9 - 10 (which are optional).

9. Consider the following Kuhn-Tucker problem:

P¥+y? <1

max ¢*(14+z) subjectto
x+y+z<1

Write down the Kuhn-Tucker conditions for this problem and solve them. Use the
result to solve the optimization problem. (Hint: Even if the set of admissible points
is not bounded, you could still find another argument to show that the problem must
have a solution).

10. Consider the following Kuhn-Tucker problem:

2x—y>—5
max 3xy - subject to Sx+2y <37
x,y=0

a) Sketch the region in the xy-coordinate plane that satisfy all constraints, and use
this to show that the region is bounded.

b) Write down the Kuhn-Tucker conditions, and solve the problem.

c) We replace the constraint 2x —y > —5 with 2x —y = —5, so that the optimiza-
tion problem has mixed constraints — both equality and inequality constraints.
Describe the changes we must make to the Kuhn-Tucker conditions to solve this
new problem and explain why. Use this to solve the new problem.
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Solutions

[l

a) y=1-3r+157

b) y=4dt(t* — 1)+ (202 — 1)4r = 1267 — 413 — 4t
o 1 1

) y=}

e) y="5e 3+ (—6t+1)

f) y=10te 3 — 1512~

a) [fPdr=1t+C

b) fo (P +r+1)dr =3

o [idr=m|t|+C

d) To find the integral [ te”” dt we substitute u = 2. This gives % =2t or %“ =tdt.

We get
d 1 1 1
/te’zdt:/e"ju = E/e“du: ie“—&—C: Eelz—l—C

/uv/dt = uv—/u'vdl.
We write [Intdt as [(Int)-1dt and letu =1Int andv' = 1. Thus ' = L and v =1,

and
1
/lntdtz (lnt)t—/;tdt

:tlnt—/ldt

=tlnt—t+C

e) We use integration by parts

k]

a) y = [2tdt = t>+C. The general solution is y = 1> +-C. We get y(0) =C = 1, so
y = 1>+ 1 is the particular solution satisfying y(0) = 1.

b) y = 1e* +C is the general solution. We get y(0) = 1?0 +C=1+C=1 =
C= % Thus y(t) = %ezr + % is the particular solution.

¢) To find the integral [(27+ l)e’2+’dt, we substitute u = 1> +¢. We get 94 =2 +
1 = du=(2t+1)dt, so

/(2t+ l)e’2+’dt = /e”du —e'+C=e"T+C.
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The general solution is y = ¢’ *+ 4+ C. This givesy(0)=1+C=1 = C=0.

. . . 2
The particular solution is y = e/ .

d) We substitute u = 1> +¢+1in [ z224t:+11 dt to find the general solution y = In(#~ +
t+1)+C. We get y(0) =1Inl+C = C = 1. The particular solution is y(¢) =

In(2+1+1)+1.

E| y(t)=Ce™' + 3¢ = y=—Ce '+ Je'. From this we get

1 1
y+y=—-Ce '+ Ee’ +Ce™ "+ Ee’ =

so we see that y+y = ¢ is satisfied when y = Ce™" + %e‘.

y=Ct?> = y =2Ct. We have
ty=1-2Ct =2Ct* =2y
|§| The equation y?>y = 7 + 1 is separable:

24y

=r+1
Va7
gives
/yzdy:/(t+1)dt
13 1,
-y ==t t+C
3y 3 +1+

3
V= §t2+3t+3C

Taking third root and renaming the constant

3
y(t) =/ Etz +3r+K

We want the particular solution with y(1) = 1. We have

/3

y(1)=4 SP+3+K
3 9 9
VET2 T3

33 5 7
1) =/ zt*+3t— =
Y1) =52 +31 =5

We get K = f%. Thus

is the particular solution.



6

vl

a) y=1>—1 gives

y:/(t3—1)dt
We get
14
=t —t+C.
Y=y +

b) We must evaluate the integral [(re' —t)dt. To evaluate [te'dr we use integration

by parts
/uv'dt =uv— /u'vdt.

with Vv =¢' and u =¢. We get / =1 and v = ¢'. Thus
/te’dt =te —/e’dt =t —e +C
We get
y= /(te' —t)dt =te' —é' — %terC
c) e’y =t+11is separated as
fdy=(t+1)dt = /eydy = /(H- 1)dr
Thus we get

1
e>:§t2+t+c.

Taking the natural logarithm on each side, we get

1
y(t) :1n(§t2+t+C).

a) ty =y(1 —1t) is separated as

d — _
y t y t

Note that L =11 so
Injy| =Injt| —r+C
From this we get
D = I lH=1HC — gl =1 O — |y = |r]e "€

From this we deduce that



y(t) =te 'K
where K is a constant as the general solution. We will find the particular solution
with y(1) = 1. We get
yh=e'K=e! —= K=1.

The particular solution is

y(t)=te .

b) The equation (1+13)y = £y is separated as

d 2 d 2
o dt:>/7y:/ dt

y - 1+1£3 1+73
We get
1 3 3,1
In|y| = §1n|l+t | +C=In|l+£|3+C
This gives
eln\y\ :eln\l+r3|%+c
This gives

bl =13
from which we deduce the general solution
y(1) = K(140)3

where K is a constant. We which to find the particular solution with y(0) = 2. We
get
y(0)=K=2.

Thus the particular solution is
W(6) =2(141%)3.

c) yy =t is separated as

ydy =tdt = /ydy:/tdt
The general solution is
v =r*+C

where y is define implicitly. We want the particular solution where y( \ﬁ) =1.
We get
1= (V2)24C = 1=2+4C = C=-1

We have



V=1 = y=+Vr2 -1
since y(1/2) < 0 we have
y(t)= V-1
as the particular solution.

d) ¢ % —y? —2y =1, is separated as follows:

Ay—y?—2y=1= Hy=1+y*+2y=(y+1)? =

d d
Y e i = / y = /e*”dt
(y+1)? .
To solve the integral
55
(y+1)?
we substitute u =y + 1. We get % =1 = dy =du. Thus
1
/ / du—/ 72du—— 2y c=—u'lyCc=- +C
(y+1)? (y+1)
Thus we get
1 LY L 1
- =—e¢ " +C=—= +C = —1=
o+1) -2 2¢ - —Lle 24

From this we get
—1

t)= —7——
y() 7%6_21‘4’6‘

as the general solution. We want the particular solution with y(0) = 0. We get

-1
0))=———-1=0
y( ) _%eo_’_c
From this we get C = —%. Thus the particular solution is
-1
Yt) = 1|
—ze 2
l—e 2

T lte 2



