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Part 1

Lecture Notes






CHAPTER 1

Lecture Notes

The course GRA6035 Mathematics traditionally consists of 13 lectures, and this chapter
contains the lecture notes from these lectures. The first lecture is labeled Lecture 0, since
it (for the most part) covers the prerequisites for the course.

The lecture notes contain the most important notions, techniques and methods in
GRAG6035 Mathematics, and are written in a concise style. We refer to the correspond-
ing material in the textbook FMEA [2] for further details. For each lecture, a number of
exercise problems with solutions are given in Chapter 2 and 3.



0. Review of matrix algebra and determinants

Reading. This lecture covers topics from Section 1.1, pages 2-4 in FMEA [2]. For a
more detailed treatment, see Sections 15.2-15.5 and 16.1-16.5 in EMEA [3]. See also 8.1-8.3
in [I]. Note that most of this material is part of the required background for the course.

0.1. Matrix algebra. In this section we review the notion of matrices, matrix sum-
mation and matrix multiplication.
Matriz addition and subtraction. We first look at the notion of a matrix.

Definition 0.1. A matrix is a rectangular array of numbers considered as an entity.

We write down two matrices of small size.

3 2
A= ( § é ) B=|1 0
6 5
Here A is a 2 X 2 matrix (two by two matrix) and B is a 3 x 2 matrix. We also say that A
has size, order or dimension 2 x 2.

Example 0.2.

An m x n matrix is a matrix with m rows and n columns. If we denote the matrix by
A, the number at the ith row and at the jth column is often denoted by a;; :

a11 a1j G1n
A e a1 ce . aij . e a,in
a/’ml ... am] DRI amn

We often write A = (a;j)mxn for short. The diagonal entries of A are a11, azz, ass, .. ..
In the case m = n, these elements form the main diagonal. A zero matriz is matrix
consisting only of 0. A zero matrix is often written 0. The size of a zero matrix is usually
clear from the context.

We say that two matrices are equal if the have they same size (order) and their corre-
sponding entries are equal.

A word on brackets: A matrix is usually embraced by a pair of brackets, () or []. The
book FMEA [2] uses (), so I try to use these pairs of brackets in these notes. During the
lectures I will however mostly write [], since it is easier.

Definition 0.3. The sum of to matrices of same the order is computed by adding the corre-
sponding entries.

It is easy to see how this works in an example.



Example 0.4.
3 2
2 1 4 —1
A= ( ) B=[10) c= ( )

3 6 6 5 2 0

We can calculate the sum of A and C'
(21 4 -1\ (244 1+(-1)\ (6 0
A+C‘<3 6)+<2 0 )‘(3+2 6+0 )‘(5 6»

but the sum of A and B is not defined, since they do not have the same order.

A matrix can be multiplied by a number.

Definition 0.5. Let A be a matrix and let k& be a real number. Then kA is calculated by
multiplying each entry of A by k.

In an example this looks as follows:

2 1
4=(55)
4-2 4-1 8 4
4= ( 4-3 4-6 ) "( 12 24 )'

If A and B are two matrices of the same size we define A — B to be A+ (—1)B. This

means that matrices are subtracted by subtracting the corresponding entries. The following
rules applies:

Example 0.6. If

we get that

e~

Proposition 0.7. Let A, B and C be matrices of the same size (order), and let r and s be
scalars (numbers). Then:

)A+B B A
)
)A+0_A
)
)
)

r(s )(WM

Matriz multiplication. In this section we review matrix multiplication which is a bit
more complicated than addition and subtraction of matrices.



Definition 0.8. Let A be an m X n matrix and let B be an n x p matrix. The product AB
is an m x p matrix that is calculated according to the following scheme:
b11 . blj . blp
z : s =B
bpi ... by ... by
ail A1n C11 N Clj Clp
A= a;1 ce Ain Ci1 N Cij ce Cip = AB
aml1 - Amn Cm1 -+ Cmj ... Cmp
The element c;; is computed as
Cij = ainbij + ainboj + ... + inbyj

You should think of this in the following way: The line through row 7 in A and the line
through a column j in B meet in the entry ¢;; in the product. The entry ¢;; is obtained by
multiplying the first number in row ¢ in A by the first number in the column j in B, the
second number in row ¢ of A with the second number in column j of B and so on, and then
adding all these numbers.

We see that the product AB have the same number of rows as A and the same number
of columns as B.

4 3
0 1

(o 1)

1 2 1-44+2.0 1-34+2-1
3 4 3:4+4-0 3-3+4-1

Example 0.9. We take A = ( :1)’ i ) and B = < ) . Then we get

Thus we get that
AB — 1-442-0 1-3+2-1\ [ 4 5
“\3:4+4-0 3:3+4-1 ) \ 12 13

We need another example.

0 1
Example 0.10. Let A = 12 and B=| 1 0 |.Calculate BA.
0 3 2 0

10



Solution.

1 2
0 3
0 1 0 3
1 0 1 2
2 0 4
Thus we get that
0 3
BA=1| 1 2
2 4

Note that the product AB is not defined.

Matrix multiplication follows rules that we know from multiplication of numbers.

Proposition 0.11. We have the following rules for matrix multiplication:
(1) (AB)C = A(BC) (associative law)
(2) A(B+C) = AB+ AC (left distributive law)
(3) (A+ B)C = AC + BC (right distributive law)
(4) k(AB) = (kA)B = A(kB) where k is a scalar.

The following easy example shows how to calculate with the distributive laws.

Example 0.12. Assume that A and B are square matrices of the same order. Show that
(A+B)(A—-B) = A? - B?
if and only if AB = BA.

Solution.
We have that
(A+B)(A—B)=A(A—-B)+ B(A—- B)
by the right distributive law. By applying the left distributive law two times, we get
A(A—B)+B(A—-B)=A? - AB+ BA — B>

This is equal to A2 — B? if and only if —AB + BA = 0 which is the same as to say that
AB = BA. (Note that we may move a summand from one side of the equation to the other
side of the equation if we change the sign. Why?)

Problem 0.1.
Simplify the expression where A, B and C are matrices.

A(3B — C) + (A — 2B)C + 2B(C + 24)

0.2. Determinants. In this section we review how to compute determinants and co-
factors.

11



Definition 0.13. Let A be a general 2 x 2 matrix,

The determinant |A| of A is defined by

a1 a2
a21 a2

Al =

= a11G22 — 021012

Let us compute the determinant in an example.

Example 0.14. Compute

2 1 1 1
’3 4 and‘2 2"
Solution.
2 1
‘3 4‘2~43'1835.
1 1
’2 2‘—1-2—2&—2—2—0.

Cofactors are very important. They will allow us to calculate the determinant of larger
matrices and to find the inverse matrix.

Definition 0.15. Let A be an nxn matrix. The cofactor A;; is (—1)"*7 times the determinant
obtained by deleting row 4 and column j in A.

Example 0.16. Let

1 3 5
A= 0 1 1
2 0 1
Compute the cofactor Asg.
Solution.
243 1 3
Azy = (17| 0 | =(-1)(1-0-2-3)=6

Using cofactors, we can now calculate the determinant of larger matrices.

Definition 0.17. Assume that
aix a2 - Qip
A=
Anl Gp2 ¢ Gpp
is an n X n matrix. Then the determinant |A| of A is given by
|A| = a11A11 + a12412 + -+ + a1, A1

Moreover, this is called the cofactor expansion of A along the first row.

12



In the case A is a 3 x 3 matrix,

a1 a2 a13
A= an ax ax |,
asyp asz2 ass

this gives the following formula for the determinant:

a1 Gi2 a3
Al =| a21 @22 ao3 | = a11411 + a12412 + a13413

az1 agz ass
az1 a2
a31 as2

az; a3
a3y ass

Q22 A23
asz2 ass

= a1 — a2 + a3

We use this formula to calculate the determinant in an example.

Example 0.18. Compute

1 3 5

0 1 1

2 0 1

Solution.
1 3 5
1 1 0 1 0 1

0 1 1 =1-’ ‘—3~’ ’+5-‘ '
2 0 1 0 1 2 1 2 0

=1-(1-1-0-1)—=3-(0-1-2-1)+5-(0-0—2-1)
=1-3(-2) +5(-2)
= -3.

Actually, the concept of cofactor expansion is more general. The determinant may be
computed by cofactor expansion along any row or column. We will not state this in a formal
theorem, but rather we show how this works in an example.

Example 0.19. Let
1 3 5
A= 0 1 1
2 0 1

Compute |A| by cofactor expansion along the second row.

Solution.
We get
[A]=0-A3 + 1Az +1- Agg
:0,(_1)2+1,‘g ?’+(_1)2+2.‘; ?‘_’_(_1)%3.‘; g‘
=0+(1-1-2-5)—(1-0—-2-3)
=0-9+6
=-3.

An important notion is the transpose of a matrix A. This is written A”. The books
FMEA [2] and EMEA [3] use the notation A’, but AT is more common, so I will stick to
that notation.

13



Definition 0.20. Let A be an n x m matrix. The transpose of A, denoted AT, is the matrix
obtained form A by interchanging the rows and columns in A.

For a 3 x 3 matrix, the transpose matrix is easy to write down.

Example 0.21. Let

1 3 5
A= 0 1 1
2 0 1
Write down AT.
Solution.
1 0 2
AT=1[3 1 0
5 1 1

We now return to calculation of determinants, and note the following properties. These
are very useful, and can simplify calculations tremendously.

Proposition 0.22. Let A and B be n X n matrices.
(1) |AT| = |4]
|AB| = [A||B]|
If two rows in A are interchanged, the sign of the determinant changes.
If a row in A is multiplied by a constant k, the determinant is multiplied by k.
If a multiple of one row is added to an other row, the determinant is unchanged.

2
3
4

)

(
(
(
(

— — — —

We demonstrate the utility of this proposition in some examples.

Example 0.23. Let

-1 0 -2
A= 2 0 4
5 1 1
Compute |A|.
Solution.

Since the determinant is unchanged if we take two times the first row and add to the second,
we obtain:

-1 0 -2 -1 0 -2
A= 2 0 4 |=|0 0 0
5 1 1 5 1 1

By taking cofactor expansion along the second row, we see that |A| = 0.

Example 0.24. We have that

1 3 5
01 1|=-3
2 01
Compute
-2 -6 -10 2 0 1
0 1 1 and | 0 1 1
2 0 1 1 3 5

14



Solution.

-2 -6 -10 1 3 5
Note that | 0 1 1 is obtained from | 0 1 1 | by multiplying the first row by
2 0 1 2 01
—2. Thus
-2 -6 -10
0 1 1 = (—2)(-3) =6.
2 0 1
2 01 1 3 5
Note further that | 0 1 1 | is obtained from | 0 1 1 | by interchanging two rows.
1 3 5 2 01

Thus

Example 0.25. Let

BN
I
7N
— o
= ©
~—
)
A
Sy
I
/N
[N
=N
~—

Compute |AB].
Solution.
|[A|]=0 = |AB| =|A||B|=0-|B|=0.
Problem 0.2.
Compute the determinants.
ajl a2 ais
(a) O a2 a3
0 O ass
1 2 3
(by|1 4 3
1 2 6




1. The inverse matrix and linear dependence

Reading. This lecture covers topics from Sections 1.1, 1.2 and 1.9 in FMEA [2]. See
also 8.3-8.5 in [1].

1.1. The inverse matrix. We start by recalling the notion of cofactors from Lecture
0.

Example 1.1. Let

P
Il
O =
S = W
A

Compute the cofactor Ass.

Solution.

To compute the cofactor Azs we cross out row 3 and column 2 from the matrix A. We then
get

5
1

‘:(—1)5(1-1—0-5)

The cofactors will enable us to compute the inverse matrix, but first we define the
cofactor matrix and the (classical) adjoint matrix.

Definition 1.2. Let

air Q2 - Q1p
az1 G2 --c A2p
A =
apl Ap2 - Qpp
be an n x n matrix. We define the cofactor matriz as
A A oo A
A1 Az --r Agy
cof(A) = . .
Anl AnQ T Ann

The (classical) adjoint matriz (also called the adjugate matrix) is defined as the transpose
of the cofactor matrix,

adj(A) = (cof(A))T.

We compute the cofactor matrix in an example.

Example 1.3. Let

S

I
N O =
SN O
— = O

Compute adj(A).

16




Solution.

We find
Ay = (71)1+1 g } (71)1+1 .9=9
A = (-1)1*? (2) 1 = ()" (-2)=2
Ay = ()3 D 2= () (—a) = 4
0 0
)2+ _
A21 - ( 1) 0 1 0
Ay = (=1)2+2 ; (1) (—1)22.1=1
1 0
A= (-1)*"%| 5 [ |=0
0 0
Az = (_1)3+1 2 1 =0
A32 — (_1)3+2 é ? (_1)3"1‘2 . 1 — _1
Agg = (—1)3+3 (1] (2) (—1)3+3.2 =2
From this we get
2 2 -4\ 2 0 0
adii)=[0 1 o | = 2 1 -1
0o -1 2 —4 0 2

We will soon see that the (classical) adjoint matrix has very useful properties. This is
suggested in the following example.

Example 1.4. Let A be as in the example above. Compute

Aadj(A).
Solution.
1 0 0 2 0 0 2 0 0
Aadj(A)=1 0 2 1 2 1 -1 |=(0 20
2 0 1 -4 0 2 0 0 2

We compute the determinant |A| of the matrix in the previous example as

and we see that

Definition 1.5. The n x n matrix with 1’s on the main diagonal and 0’s elsewhere, is called
the identity matrix and is denoted by I or I,,.

17



Example 1.6.

1 0
n=(o 1)
1 0 0
I3=( 0 1 0
0 0 1
1 0 0 O
01 00
=190 10
0 0 0 1
If A is an m x n matrix one verifies that
I, A=A
and that
Al, = A.

As the previous example suggested, we have that the adjoint matrix satisfy the following
property:

Theorem 1.7. Let A be an n X n matrix. Then

Aadj(A) = adj(A)A = |A|I,.

Definition 1.8. Let A be an n X n matrix. If |[A| # 0, then A is said to be invertible and the

inverse matriz denoted A~! is given by
1
A7l = —adj(A).
A

When |A] = 0, we say that A is not invertible.

Example 1.9. Let

1 0 0
A= 0 2 1
2 0 1
as above. Compute A~!.
Solution.
We have already found that
2 0 0
adj(A) = 2 1 -1 and |A| = 2.
-4 0 2
Thus we get
1 1 2 0 0 1 0 0
A= —adjd)=- 2 1 -1 |=( 1 1 -1
4] 2\ -4 0 2 2 0 1
Remark 1.10.

18




Example 1.11. Let

A=)

and assume that |A| = ad — be # 0. Find a formula for A1

Solution.
We need to find the adjoint matrix of A, so we calculate the cofactors. We find Aj; by
crossing out the first row and column of A. This leaves us with d, and we get

Ay = (-1)"d=a.
Similarly, we get

Thus we get that

This gives

1.2. Partitioned matrices. We will not go deeply into the subject of partitioned
matrices, but we show that this can be useful in an example. For more one partitioned
matrices, see Section 1.2 in FMEA [2].

Example 1.12. Let

oS OO
S O O N
S = S =
— O N O

Use partition to compute M2,

19



Solution.
The matrix M, may be written as

(1) e (03)

and I is the identity matrix. Now we compute

MQMM(P Q>2

M =

O Ol O
O OO N
O =IO =
= ol O
I
7N
=RV

where

0 I

pretending that P and @ are numbers. HOWEVER, we must be careful since PQ is not
the same as QP. We get

M2 P Q P Q\_ (PP PQ+QI
0 I 0 I 0 1
P? PQ+Q
0 I
Thus we need to calculate P? and PQ and PQ + Q. We get

O = N O

[\CR N N g

Thus

S O O
O = ==
— O N

1.3. Linear independence. Before we define the notion of linear independence we
recall the notion of a vector.

Definition 1.13. A matrix consisting of either a single row or a single column, is called a
vector.

A vector consisting of m numbers is called an m-vector. We may speak about row
vectors and column vectors.

Example 1.14. The following are column vectors

4

ANERN
| ) 9 ) 1 )

2

and
(1 -2 5), (-1 1)
are row vectors. These row vectors could also have been written as

(1,-2,5), (=1,1).

We perform calculations on vectors in the same way as we calculate with matrices.

20



Example 1.15. We have for instance

1 ! 1
3 2 + 2 0 = 6
-1 2 1

It is common to draw 2-vectors in the plane, as suggested in the following example:

Example 1.16. Draw the vectors

o

[NCRI
~~_

[~}

=

(oW

Q

[\v)

I
S
—_ =
~~_

in the plane.

Solution.

Definition 1.17. The set of all m-vectors is denoted by R"™.

Definition 1.18. Let a1, as,...,a, be in R™. Let a be another m-vector. If we can find
numbers ¢y, ¢a,...,c, such that a can be expressed as

a = cija; + c2az + -+ - + Cra,,

R A

we say that a is a linear combination of ai, as, ..

Some examples will hopefully clarify this definition.

21




Example 1.19. We have that

(3

)=2(s)+(V)

so that the vector ( g ) is a linear combination of < (1) > and < (1) > . Since

3 3 -1
4 | =2 —1 +3 2
7
3
we have that | 4 | is a linear combination of . Finally,
7
-1 0
2 =(-1) +21 1
1 0
-1 0 0
so that 2 is a linear combination of 1 and [ O
1 0 1
-1
Example 1.20. Is it possible to express the vector 3 as a linear combination of
5
1 0 0
e = 0 , € = 1 , €3 = 0
0 0 1
Solution.
The answer is yes, since
-1 1 0 0
3 =1 0 |+3] 1 |+5] 0
) 0 0 1

We now come to the important concept of linear dependence.

Definition 1.21. The vectors aq, as, . ..,

a, in R are linearly dependent if there exists num-

bers ¢, ¢o,...,c, not all zero such that

cia; + cas +---+cya, =0.

If this equation holds only when ¢; = 0, ¢ = 0,...,¢, = 0, we say that the vectors aj,

as,...,a, are linearly independent.

It is not always easy to determine if a set of vectors are linearly dependent, but the

following examples should not be difficult.

Example 1.22. Show that a; = ( ; ) and a; = ( i ) are linearly dependent.

22



Solution.
We see that
()-(2)
2 4 )
so 2a; = ag. From this we have that 2a; + (—1)ay = 0. Thus we may choose ¢; = 2 and
co = —1 in the definition above, so we see that a; and as are linearly dependent.

Example 1.23. Show that e; = ( (1] > and ey = ( (1) ) are linearly independent.

Solution.
We must prove that the only possible values for ¢; and ¢y are 0, in the equation

cie1 + coes = 0.

But the left side of this equation is

1 0 C1
cie; +cae2 =1 0 +c2 1) e )0
so the equation says that
C1 o 0
Co o O

which means that booth ¢; and ¢y have to be 0.

Example 1.24. Determine if the vectors

are linearly independent.

Solution.
We must look at the equation

(1) - (1)

This is equivalent to

which again is the same as
citca )\ _
261 + Co o
C1 + Cy = 0
2¢1 +c2 =0,

o O
N—

We must find the solution of

and by subtraction the first equation from the second, we see that ¢; = 0. Substituting this
into one of the equations, gives that co = 0. We conclude that the only possible solution of

(1) () (2)

is ¢y = 0 and ¢ = 0, and this proves that

(2) = (1)

are linearly independent.

23




Finally we look at an example which indicate how to use the determinant to see linear
independence.

Example 1.25. Show that

1 1 1
a; = O P ag = ]_ 9 az = ]_
0 1 -1

are linearly independent.

Solution.
We must show that
cia; + cpag +czaz =0
only has the solution ¢; =0, ¢ = 0 and c¢3 = 0. In other words we must look at

1 1 1 0
(1) C1 0 + o 1 +c3 1 = 0
0 1 —1 0

The left hand side can be calculated to be
c1+c2+c3
Co + C3
Cy — C3

Moreover, it is possible to write this as a matrix product

1 1 1 C1
0 1 1 (6]
01 -1 C3
The matrix
1 1 1
A=10 1 1
01 -1
is obtained by taking the coefficients in front of the ¢;’s. If we put
C1
Cc = Co y
C3
the equation may be written as
Ac =0.
One calculates that |A| = —2. In particular |A| # 0, so that A is invertible. We may thus
multiply the equation Ac = 0 by A~! from the left, and we obtain
A7 Ac = A710.

But A='A = I3 and A=10 = 0, so we have Isc = 0. But I5c = c, so we conclude that ¢ = 0

C1 0

C2 = 0

C3 0

This shows that equation only has the solution ¢; = ¢o = ¢3 = 0, so the vectors a;, as
and ag are linearly independent.

24



2. The rank of a matrix and applications

Reading. This lecture covers topics from Sections 1.2, 1.3 and 1.4 in FMEA [2]. See
also 8.4 and 8.5 in [I].

2.1. Linear dependence and systems of linear equations. A system of linear
equations may be written as a vector equation.

Example 2.1. Consider the system

21 +2x9 —x3 = 0
(2) 4 +2z3 = 0
6.’L‘2 *31‘3 = 0

of linear equations. Show that it can be written as a vector equation

xr1a1 + rsas + xgzag = 0.

Solution.
Note that
2 2 -1 2.231 2332 —Zs3
z1 | 4 | +x2| O | +x23 2 = 4z + 0 |+ 2x3
0 6 -3 0 6o —3x3
2x1 + 229 — 3
= 41 + 223
6:172 - 3:E3
We see that is equivalent to
2 2 -1 0
I 4 —+ T2 0 —+ I3 2 = 0
0 6 -3 0
We now put
2 2 -1
a; = 4 ,ay = 0 ,a3 = 2
0 6 -3
and thus we have
r1a1 + r2as + xr3ag = 0.
Note that the vector a; consists of the numbers in in front of x1, the vector as consists
of the numbers in in front of x4 ete.

Systems of equations like always have the solution ;1 = 0, x2 = 0, z3 = 0. This is
called the trivial solution. If this is the only solution, the vectors aj, as and ag are linearly
independent. This leads to the following criterion for linear independence.

Theorem 2.2. The n column vectors aj, as,...,a, of the n x n matrix
aipr a2 - Qip a1
az; Q2 -t A2p az;

A= ] . ] where a; =
anl  QAp2 o Qpp Anj

are linearly independent if and only if | 4| # 0.



Example 2.3. Show that

2 2 —1
a; — 4 ,ag — 0 ,a3 — 2
0 6 —3
are linearly independent.
Solution.
2 2 -1
4 0 2 |=4-(-1)*"". 2 -l +0+2-(=1)*3. 2 2
0 6 -3 6 —3 0 6

=(—4)-0-2-12=-244£0

By the theorem we conclude that a;, as and ag are linearly independent.

2.2. The rank of a matrix. In this section we define the important concept of rank
of a matrix. This will be used in the next section to describe the solutions of a systems of
linear equations.

Definition 2.4. The rank of a matrix A, written r(A), is the maximum number of linearly
independent column vectors in A. If A is a zero matrix, we put r(A) = 0.

If A is and n x n matrix, i.e. a square matrix, we know from Theorem that the n
column vectors of A are linearly independent if and only if |A| # 0, so r(A) = n if and only
if |A| # 0. More generally, the rank can be found by looking at the so-called minors of the
matrix.

Definition 2.5. Let A be an n X m matrix. A minor of order k is a determinant obtained
from A by deleting m — k columns and n — k rows in A.

Before we state how to compute the rank using minors, we give an example.

Example 2.6. If

1 0 2 1
A= 0 2 4 2
02 2 1
we get for instance the minor
1 0 1
0 2 2
0 2 1

by deleting column number 3 in A. (Note that there are three other minors of order 3.)
Deleting the second row and the two last columns we obtain the minor
1 0
0 2

of order 2. Note that there are several other minors of order 2.

The following theorem shows how to compute the rank of a matrix.

Theorem 2.7. The rank 7(A) of a matrix A, is equal to the order of the largest non-zero
minor in A.

For large matrices one may have to calculate many minors, but for matrices of moderate
size, it is often easy to find the rank using the theorem above.
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Example 2.8. Find the rank of the matrix

Solution.
We have that

5 1 |=11-3-2=-5+40

Since we cannot have minors of order greater than 2, we conclude that r(A) = 2.

‘12

Example 2.9. Find the rank of the matrix

A:

—_ o
o O O
2 @ @
O = =

Solution.

Deleting one column in A gives a minor of order 3. There are four such minors. Each of
these minors will however contain a column with only zeros. Thus all minors of order 3 are
ZET0.

Deleting the two columns in A consisting entirely of zeros, and deleting for instance the
last row, we get the following minor of order 2:

1 1
0 1 |=1#0.
From this we conclude that r(A) = 2.
Example 2.10. Find the rank of
1 2 3 4
A= 2 3 -1 5
00 0 O

Solution.
We see that all 3-minors will contain a row of zeros, so all 3-minors will be zero. This means
that r(A) < 3. Picking a 2-minor,

1 2
’2 3‘1¢0
we see that r(A) = 2.
Example 2.11. Show that
1 1
—1 and 0
2 3

are linearly independent.

27




Solution.
We form the matrix

1 1
A= -1 0
2 3

with the two vectors as columns. We recall that the rank is the largest number of linearly
independent columns. This means that we have to show that r(A) = 2. But, just by picking
a 2-minors,
1 1
’ Ll ‘ —140

we see that r(A4) = 2.

2.3. Rank and linear systems. In this section we will see how the notion of rank of
a matrix is connected to the existence of solutions of systems of linear equations. The first
observation is that any system of linear equations may be written as a matrix equation.

Example 2.12. Show that

2$1 +2{E2 —X3 = -3
(3) 4xq +2x3 = 8
6o —3z3 = —12
may be written as
Ax=Db
where
Z1
X = Zo
3
Solution.
The coefficients of the system, may be arranged in a matrix,
2 2 -1
A= 4 0 2
0 6 -3
where we put a zero at a position if the corresponding term is missing in the system. By
matrix multiplication, we find that
2 2 -1 X 2I1 +2I2 — X3
4 0 2 ) = 41’1 + 2‘753
0 6 -3 I3 6!1,‘2 — 3(E3
From this we see that the system of linear equation is equivalent to the matrix equation
2 2 -1 1 -3
4 0 2 xo | = 8
0 6 -3 T3 —12
or
Ax=Db
where
-3
b= 8
—12

The matrix formed in the example, is called the coefficient matriz of . The ma-
trix obtained from the coefficient matrix by augmenting b as a last column, is called the
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augmented matrix of . In the example above, this would be denoted by Ay and

2 2 -1 -3
Ay=14 0 2 8
0 6 -3 —12

The notion of coefficient matrix and augmented matrix generalizes to any system of linear
equations.

Theorem 2.13. Consider a system of linear equations, written as Ax = b. Then Ax = b has
a solution if and only if r(A4) = r(Ap).

We will use the theorem in an example.

Example 2.14. Show that
2.1?1 — T9 = 3
4ry — 2xo =5

is inconsistent (i.e. has no solutions.)

Solution.
Writing the system on matrix form Ax = b, we have

A:(ZZL _;> andAb:(?1 :; g)
First we find the rank of A. We have that
2 -1
4 -2
We must then look at minors of order 1, but these are only the entries of A. Since not all

of these are zero (in fact none of them are), we conclude that the there are minors of order
1 that are not zero. From this we know that r(4) = 1.

':2.(_2)_4.(_1):—4+4:0.

We now find the rank of Ay. Deleting the middle row, we get the minor
2 3
4 5

of order 2. Since 7(A) =1 and r(Ap) = 2, we have r(A) # r(Ap) and we conclude by the
theorem that the system has no solutions.

’:2.5—4-3=—27A0

Theorem 2.15. Consider a linear system of equations in n variables, z1, x3,...,2,, written
as Ax = b. Assume that r(A4) = r(Ap) = k. Then the following holds.

(1) Choose any set of k equations corresponding to k linearly independent rows. Then
any solution of these equations will also be a solution of the remaining equations.

(2) If k < n then there exists n — k variables that can be chosen freely. (We say that
there are n — k degrees of freedom.)

We modify the previous example slightly.

Example 2.16. Consider the system
2rx1 —x9 =3
41 — 229 = 6.
Show that r(A) = r(4p) = 1.
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Solution.
We have
d=(3 ) w32 1)
As in the example preceding the theorem, r(A) = 1. However for Ay, we have that all minors
of order 2 are zero:
2 —1| |2 3| |-13

M R PR R -

Thus we also have r(Ap) = 1.

-0

In the example, the theorem tells us that we may choose 2z; — zo = 3 and that any
solution of this equation will also be a solution of 4z; — 2x5 = 6. (In this simple example
you should also be able convince yourself about this with out referring to the theorem.)

The equation 2x1 — x2 = 3 may be rewritten as 2xy =3+ x5 or x1 = % + %1’2. We may
choose any value for x5, and find a corresponding value for z; from this equation. This will
be a solution of the system

2I17$2:3

4],‘1 — 2332 = 6.

We say that the system has 1 degree of freedom.

Example 2.17. What is the number of free variables in the following system?
T1+To+23+24=0
2x1 + 2x9 + 223 + 224 = 0.

Solution.
We have that there are n = 4 variables. The coefficient matrix is

111 1
A:<2222)'

11
2 2

We see that r(A) = 1. From the theorem above, we have n — k = 4 — 1 = 3 free variables.
Another way to see this is to observe that the two equations are equivalent, so in reality
there is only one equation. This means that we may freely choose a value for three of the
variables, and then the equation gives the value of the last variable.

Since all 2-minors look like
=2-2=0

Example 2.18. Solve the following system of linear equations

Ty —x2 +2x3 +3r4 = 0
To +x3 = 0
T +3x3 +3x4 = 0.
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Solution.
The system may be written as

1 -1 2 3 il 0

0 1 10 2 =10

1 0 3 3 3 0
T4

One calculates that the three 3-minors are zero, so the rank of the coefficient matrix is less
than 3. Looking at the 2-minor

o 1 |1

we see that the rank must be 2. From this we see that we should look for two independent
rows. In fact, we see that the third row in the coefficient matrix is the sum of the two first
rows. We also see that the two first rows are linearly independent. From the theorem, we
know that any solution of the first two equations will automatically be a solution of the last
equation. This means that the last equation is superfluous. We may thus write the system
as

’1—1

gl
(1123) n|_
4

To write up a solution of the system, we simplify it by multiplying by
1 -1\ /(11
0 1 L0 1)
1 -1
0 1
is just the matrix consisting of the first two columns of the coefficient matrix. We calculate

11 1 -1 23\ _ (10 3 3
0 1 o1 10)-\o110)

The matrix

The system
1
1 0 3 3 T2 . 8
01 1 0 T3 - 0
T4

is equivalent to our original system. Written in the usual way, this is
T +3JC3 +31‘4 =0
T9 +x3 = 0

We may regard z; and zo as the base variables and isolate these on the left side of the
equations. This gives

T = —3(1,‘3 — 3.%‘4
To = —X3
r3 = free
x4 = free

It is to be understood that for any choice of 3 and z4 we get a solution.
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3. Eigenvalues and diagonalization

Reading. This lecture covers topics from Sections 1.5 and 1.6 in FMEA [2]. See also
[1] pages 516-517.

3.1. Eigenvalues. Assume that we are facing the following problem. Given a very
large n x n matrix A and an n-vector x, compute, say A9%x. This would involve a very
large number of computations. We ask if it is possible to simplify this by reducing the
computational load, which in practical examples may be high even for computers. For this
and many other reasons, we will examine the notion of eigenvectors and eigenvalues.

Definition 3.1. An eigenvector for an n X n matrix A, is an n-vector x # 0 such that
Ax = Mx

where A (lambda, greek 1) is a number called an eigenvalue of A.

Given a matrix and a vector it is easy to determine if the given vector is an eigenvector
for the matrix.

Example 3.2. Let

(38 (5 )ome-( )

Are u and v eigenvectors for A?

Solution.
To determine if u is an eigenvector for A, we calculate Au :

1 6 6 —24
(s 0)(5)= (')
Taking a closer look we see that —24 = (—4) - 6 and that 20 = (—4) - (—5). In other words
—24 6
()=o)
Au = (—4)u.

This means that u is an eigenvector for A with eigenvalue A = —4.
Doing the same calculation for v, we have

we(a)(5)=(4)

we see that —9 = (—3) -3 but (—3)-(—2) = 6 # 11. This means that v is not an eigenvector
for A.

so that

We want to proceed to find the eigenvectors for a given matrix A. It turns out, however,
that it is advantageous to find the eigenvalues first.

Example 3.3. Find the possible eigenvalues for the matrix

a=(22).
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Solution.

We must find the possible values for A such that Ax = Ax for at least one vector x # 0. This
is the same as to say that the matrix equation Ax = Ax should have at least one non-trivial
solution. We may rearrange this equation slightly

Ax =XAx <= Ax—-x=0<= (A-A\)x = 0.

Note here that Ix = x. If A is an n x n matrix, we know that we must have r(A — AI) < 0
for the equation (A — AI)x = 0 to have at least one degree of freedom (see Lecture 3.) This
is the same as to say that |[A — AI| = 0. On the other hand if |A — M| # 0, the equation
(A — AI)x = 0 has the unique solution x = 0. We conclude that for A to be an eigenvalue
we must have that |[A —A|=0:

2 3 10 2-x 3
A_’\I_<3 —6)_’\<0 1)‘( 3 —6—/\>

2-A 3
3 —6— A

= A 44\ —21=0.

so that

|A—)\I|:’ ‘:(2—)\)(—6—)\)—&3

The equation A + 4\ — 21 = 0 is called the characteristic equation, and we want to find its
solutions. Using the formula for the quadratic equation, we get

A+ V42—4.21 _{ —7

A 2 3

and these are the eigenvalues of A.

The procedure suggested in the example, generalizes to an arbitrary square matrix A.

Definition 3.4. Assume that A is an n X n matrix. The equation
|[A—X|=0

is called the characteristic equation of A.

The characteristic equation is important not only because its solution gives the eigen-
values, but this remains the main interest in the present context.

Proposition 3.5. The eigenvalues of a square matrix is given as the solutions of the charac-
teristic equation.

3.2. Diagonalization. The diagonal matrices are particular easy to compute with.

Example 3.6. Let

Compute D2, D3 ... DF¥.
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Solution.

_ k=10 5 0 5% 0
k __ k—1 o _
pr=oo= (P02 (0 5 ) (% &)

Although it is easier to multiply diagonal matrices, most matrices are not diagonal.
Some matrices are however what we call diagonalizable.

Definition 3.7. An n X n matrix A is said to be diagonalizable if we can find an invertible

matrix P so that
PlAP=D

is diagonal.

Before we explore some of the advantages of diagonalizable matrices, we give a procedure
for how to diagonalize a matrix (if it is possible.)

Procedure 3.8. How to diagonalize an n X n matrix A.

Step 1 Find the eigenvalues of A.
Step 2 Find the eigenvectors of A, by solving (A — AI)x = 0 for each eigenvalue \.

Step 3 Pick n linearly independent eigenvectors vy, Vs, ..., Vv, if possible. If this is not
possible, then A is not diagonalizable.
Step 3 Form the matrix P = (v1va...v,) with v, va, ..., v, as column vectors.
Step 5 We get D = P~' AP where
A0 0
D— 0 Ao
0 0 - A\,

and where )\; is the eigenvalue corresponding to v;.

Example 3.9. Diagonalize

if possible.
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Solution.

Step 1: The characteristic equation is:
1-Xx -1

The solutions are A = —1 and A = 2.

Step 2: A=-—-1:
1 -1 1 0
A_)J_<2 0>_(_1>(0 1)
(2 -1
LU -2 1
Thus (A — AI)x = 0 is equivalent to

(%))

or equivalently

0
')

2$1 —T2 = 0

—2(E1 +xo = 0
We see that the two equations are equivalent as they must be, since the rank
of the coeflicient matrix is 1. So we need to find the solutions of the single
equation 2x; — x92 = 0. There are of course infinitely many solutions, and
since 221 — 29 = 0 <= 21 = %xg we see that for each choice of x5 we get a
value for x1. We write this as

1

r1 = -T2
2

To =t 1s free

Using vector notation
X1 _ %t —¢
T2 t ’

1
We choose v; = < 2 ) as the eigenvector corresponding to the eigenvalue

1
A= —1.
A = 2: We have that

1 -1 1 0
AM<—2 0>2<0 1>
(-1 -1
S\ -2 =2
and thus (A — M )x = 0 is equivalent to

(% 5)(2)=(0)

or equivalently

— hol—

—T1 —XT2 =0
—2.’131 —2$2 =0
This is equivalent to x1 + xo = 0 or 1 = —xo. We say that zo is free and
write
r1 = —XT2

To =t is free
Using vector notation
(%)== ()
To t 1 ’
-1

We choose vy = ( 1

A=2.

) as the eigenvector corresponding to the eigenvalue




Solution.
(continues)

— N[

Step 3: We have fond vy = ( ) corresponding to A = —1 and vy = ( -1 ) corre-

1
sponding to A = 2.
Step 4: We can now form the matrix P with v, and v, as columns:

L
— 2
(i)

Step 5: We get the corresponding diagonal matrix

p=(3 1)

One can check by matrix multiplication that D = P~ AP. We have that

(4 1)

wlro
SN

and

PlAP =

W
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Example 3.10. Compute A%,

Solution.
We have that D = P~ AP. Multiplying this equality with P from the left gives us PD
PP~ 1AP = JAP = AP. Likewise, multiplying with P~! from the right, we get PDP~!
A. Using this we have:
A= A...A =pPDP'PDP!...PDP!
—
100 factors
= PDIDI---IDP™!

—_ PD100P71

—1 -1
D)
( 1)100 2100
1)100 2100

R T
(1) 5 3(=1)

4 22100

From this we get that

AlOO

~ O
o —
S
S
7N
[ wn

Wb
SV N
"

(
~
(
~

LOINGOI LoI o] = Aw\»—t = o=

The following theorem tells us when it is possible to diagonalize a square matrix.

Theorem 3.11. Assume that A is an n X n matrix,

(1) A is diagonalizable if and only if A has n linearly independent eigenvectors.
(2) If A has n distinct eigenvalues then A is diagonalizable.
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(3) If A is symmetric (i.e. A = AT) then A is diagonalizable.

We explore how to use this theorem in some examples.

=(31)

Example 3.12. Determine if

is diagonalizable.

Solution.
The characteristic equation is
1-A 2

0 1—A
This equation has A = 1 as its only solution. Having found the eigenvalues, we must find
the corresponding eigenvectors by solving (A — AI)x = 0. We have

1-x 2 1-1 2
A’\I( 0 1—)\)( 0 1-1)
(0 2
—Lo0 o

so (A — AI)x = 0 gives only the equation 2z5 = 0. This means that zo = 0 and that z; is
free. In other words

‘:(1—>\)2=0

x1 =t is free
T =0
Using vector notation, we have
(2)=(a)=(a)
To 0 0

From this it is clear that we can not find two linearly independent eigenvectors, and this
means that A is not diagonalizable.

In the next example the situation is different.

Example 3.13. Determine if

is diagonalizable.

Solution.
The characteristic equation
4—-X 2
_3 11)\‘_(4—)\)(11—)\)—(—3)-2

=A2—150A+450=0

This equation has the solutions A = 5 and A = 10. We thus see that there are two distinct
eigenvalues. From the theorem above, the matrix A is diagonalizable.

Example 3.14. Determine if

is diagonalizable.
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Solution.
Since A is symmetric, we conclude that it is diagonalizable.

We finally look at the matrix

The characteristic equation is

1-x -1
1 2—A

This equation has no real solutions, so A has no real eigenvalues. In particular there are no

real eigenvectors, so the matrix is not diagonalizable.

=X _3x+3=0.
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4. Quadratic forms and concave/convex functions

Reading. This lecture covers topics from Sections 1.7, 2.2 and 2.3 in FMEA [2]. For
background material, see for instance Sections 4.1-4.4, 4.6-4.10, 6.1-6.11 and 11.1-11.3 in
EMEA [3].

4.1. Quadratic forms. We start with an example of a quadratic form.

Definition 4.1. Define a function f in three variables z1, x5 and 3 by f(x1, 22, 23) = x Ax,
where

3 0 3 T
A= 0o 1 =2 and x = | a2
3 -2 8 T3

Find an expression for f.

Solution.

f(JUl, o, 333) = XTAX

3 0 3 T
= ( r1 X2 I3 ) 0 1 -2 i)
3 -2 8 T3

3£C1 + 3%3

:(5(11 T2 333) 56'2—25(]3

3r1 — 229 + 8x3

= 6x1x3 — 4dx013 + 3:10% + x% + 83:%.

A function as in the example is called an quadratic form. Note that each term in the
expression for the function is either a square or a product of two variables with constant
coefficients.

Definition 4.2. A function in n variables, is said to be a quadratic form if it can be expressed
as
flzy,xa, ... 2,) = xT Ax
where A is a symmetric n X n matrix and
T
T2

Tn

Let us look at a quadratic form in two variables.

Example 4.3. Write the quadratic form
Q(z1,22) = 22 + 4x1 29 + 322

as Q(x1,12) = xT Ax for a symmetric A.
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Solution.

Q(z1,22) = 27 + 4w 25 + 323

(e (3 3) (1)

The method used in the example is the following: First write

a a
A= 11 12 )
az1 @22

The coefficient in front of :z:% = x121 is 1, so we put a;; = 1. The coefficient in front of
T2 = 299 is 3, S0 We put age = 3. Thus the coefficients in front of the squares goes to the
diagonal. The coefficient in front of x1x5 is 4. To create a symmetric matrix we divide this
number by 2, and we put a14 = aq1 = 4/2 = 2.

Definition 4.4. A quadratic form Q(x) = x” Ax and its associated symmetric matrix A is
said to be
(1) positive definite if Q(x) > 0 for all x # 0.
) positive semidefinite if Q(x) > 0 for all x # 0.
) negative definite if Q(x) < 0 for all x # 0.
) negative semidefinite if Q(x) < for all x # 0.
) indefinite if @Q(x) assumes both positive and negative values.

It turns out that it is possible to use the eigenvalues of the matrix A to determine the
definiteness of the quadratic form.

Theorem 4.5. Let be a quadratic form Q(x) = x? Ax where A is symmetric, and denote by
A, ..., A, the eigenvalues of A. Then

(1) Q(x) is positive definite if and only if Ay > 0,..., )\, > 0.

(2) Q(x) is positive semidefinite if and only if Ay > 0,..., A, > 0.

(3) Q(x) is negative definite if and only if Ay <0,..., A, <0.

(4) Q(x) is negative semidefinite if and only if \; <0,...,A, <O0.
(5) Q(x) is indefinite if it has both positive and negative eigenvalues.

We show in an example how to use this theorem.

Example 4.6. Determine the definiteness of Q(x) = x? Ax where
-1 3 0
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Solution.
The characteristic equation is

—1-A 3 0
A-M|=| 3 —9-X 0
0 0 —2-A
—1-X 3
Rl B B
=—(A+10)A(A+2)=0.
From this we get the eigenvalues A = —10,A = —2 and A = 0. Consequently, Q(x) is

negative semidefinite.

In the next few lectures we will be concerned with optimization, i.e. the problem of find-
ing maximum and minimum. For quadratic forms this is closely connected to definiteness.
In fact, it turns out that our observations regarding quadratic forms will be a fundamental
tool in the general optimization theory.

Example 4.7. Let
Q(z1,22,73) = —927 — 623 — 23 + 42120,
Show that @(0,0,0) is the maximum value for Q.

Solution.
We have that Q = xT Ax where

-9 2 0
A= 2 -6 0
0 0 1
Solving the characteristic equation we find that the eigenvalues are A = —1, A = —5 and

A = —10. This means that @ is negative definite, and by the definition this means that
Q(x1,22,23) <0 for all (x1,z9,23) # (0,0,0). In other word 0 is the largest value attained

by Q.

4.2. Convex sets. We will need to consider point sets in Euclidean space R™. Earlier
we defined R™ to be the set of n-vectors. We will identify this with the set of points in
n-space and interchangeably speak of points and vectors in R™. For instance (1, 2, 3) is both
a point in R? and a vector in R3. If 21, x9, ..., x,, are n variables, we write x for the vector
(x1,x9,...,2,) but we may also consider this as a variable point in R"™. We start with
subsets of the plane R?

I apologize for the following trivial example, but it is important that we can relate to
the notion of point sets.

Example 4.8. Draw the set {(1,2),(0,1),(3,1)} C R2.

In the example we considered a subset of the plane consisting of a finite set of points.
We will mostly be interested in other subsets of an Euclidean space.

Example 4.9. Draw the set {(z,y) : x = 1} C R%
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Solution.
This is the vertical line z = 1.

For the definition of convex and concave, the following particular class of sets is impor-
tant.

Example 4.10. Draw the set S = {(z,y) : (z,y) = s(1,1) + (1 — s)(2,4) for s € [0, 1]}.

Solution.
We try different values for s € [0,1].
s=0 = (2,9)=0-(1,1)+(1-0)-(2,4) = (2,4)
s=h = @y =100)+01-1)-C9=1D+i29=035
s=Tt = (ny) =1-(L1)+(1-1)-(2,4) = (1,1)
For instance by taking more points, one sees that S is the line segment from (1, 1) to (2,4).

3

The set in the example was a line segment. We may consider line segments in R™ for
any n. If x and y are two points in R", we denote by [x,y] line segment between these
points.

Example 4.11. Let x = (1,1,0) and y = (1,1, 2). Draw the line segment
yl={z:2=sx+(1-s)y, s€[0,1]}

Solution.
This is a vertical line segment parallel to the z-axis starting in the point (1,1,0) and ending
in the point (1,1, 2).
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We may now define the important notion of a convex set.

Definition 4.12. A subset S of R™ is called convex if for all x and y in S, the line segment
of [x,y] from x to y is also contained in S.

You should draw examples of convex and non-convex sets in the plane.

4.3. Concave/convex functions. Recall that a function f : [a,b] — R in two vari-
ables is said to be concave if the second derivative f”(z) < 0. This corresponds to the graph
having the form N. Similarly, f is said to be convex if f”(x) > 0. This corresponds to the
graph having the form U. We will now extend this notions to functions of several variables.
To do this, we will start with functions in two variables and state the definition informally.

Recall that we can draw the graph of a function in two variables, in 3-space R3. The
graph of a function f in two variables = and y defined on a set S C R? consists of the points
(z,y, z) where (x,y) are in S and z = f(z,y).

Definition 4.13. Let f be a function in two variables defined on a convex set .S.
(1) The function f is called concave if a line segment joining two points on the graph
is never above the graph.
(2) The function f is called convez if a line segment joining two points on the graph
is never below the graph.

You should draw a picture to clarify this definition. Here is an example of a the convex
function f(x,y) = 22 + y>

The formal definition of concave and convex functions is as follows. Be careful to note
the difference between the notion of a convex set and the notion of a convex function. These
notions should not be confused.

Definition 4.14. A function f in n variables x1, x2, ..., x, defined on a convex set S C R" is
said to be convex if

(4) flsx+ (1 —=s)y) <sf(x)+(1-5)f(y)
for all x and y in S and s € [0,1]. The function f is said to be concave if
(5) flsx+ (1 =s)y) = sf(x)+(1L-5)f(y)

for all x and y in S and s € [0,1]. If < is interchanged with < the function is called strictly
convez, and if > is interchanged with > the function is called strictly concave.

In the next lecture we will develop useful criteria for a function to be convex or concave,
but in some cases it is possible to use the definition directly.
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Example 4.15. Use the last definition to show that f given by
f(l‘l,l‘g) =x1 + X2

is both convex and concave.

Solution.
Note that if x = (21, 22) and y = (y1, y2) we have that

sx+ (1 = s)y = s(x1,22) + (1 — 5)(y1,42)
= (sz1+ (1 = 8)y1, 572 + (1 — 8)ya).

From this we see that
flsx+ (1 —35)y) = f(sx1+ (1 — 8)y1, 822+ (1 — 8)y2)
=571+ (1 = 8)y1 + 572 + (1 — 5)y2
= s(z1 +x2) + (1 = 8)(y1 + v2)-
On the other hand,
f&x)+ @ =9)f(y) =s(x1 + 32) + (1 = s)(x1 + 22)
so we see that

flsx+ (1 =s)y) = sf(x) + (1 —5)f(y)

and it follows that f is both convex and concave.

If we know some convex functions, the next theorem shows that we may construct other
convex functions from these.

Theorem 4.16. Let f and g be functions defined on a convex set S in R™. We have that, if f
and g are convex (concave) and a > 0, b > 0, then the function af + bg is convex (concave).

From the theory of functions in one variable, we know that the function f(z) =
is convex. (Draw its graph or note that f”(z) = 2 > 0). We may use this to find many
examples of convex functions in several variables.

Example 4.17. Show that the function f defined by
f(z1,x2) = 222 + 322

1S convex.

Solution.

The function g(z1,72) = 22 is easily seen to by convex as in the case of functions of
one variable. Similarly, h(z1,22) = 2% is convex. From the theorem we conclude that
f =2g+ 3h is convex.

More generally, we have the following:

Proposition 4.18. Assume that @ = x” Ax is a quadratic form in n variables.

(1) If Q is positive definite or positive semidefinite, then @Q is convex.
(2) If Q is negative definite or negative semidefinite, then @ is concave.
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5. The Hessian matrix

Reading. This lecture covers topics from 1.7, 2.3 and 3.1 in FMEA [2].

5.1. Principal minors. Principal minors are used to determine the definiteness of a
quadratic form or a symmetric matrix, and they are defined as follows.

Definition 5.1. Let A be an n X n matrix. A principal minor of order r is the determinant
obtained by deleting all but r rows and r columns with the same numbers.

The following example will clarify this notion.

Example 5.2. Let

= DN
S = O

The determinant

B~ DN

1 6
3 1
2 6
is a principal minor, since it is obtained by deleting zero columns and rows.
The minor
3 2
‘ 2 4
is however not a principal minor since we are deleting row number 1 but column number 3.
The minor

2 6
on the other hand, is a principal minor since it is obtained by deleting row 2 and column 2.

16’

The so-called leading principal minors will be useful for determining if a quadratic form
is positive or negative definite or semidefinite.

Definition 5.3. A principal minor is called a leading principal minor if it is obtained by
deleting the last rows and columns.

It is easy to spot the principal minors for the matrix in the previous example.

Example 5.4. Let

1 4 6
A= 3 2 1
2 4 6
The leading principal minors are
1 4 1 4 6
D1:1,D2:‘3 9 andD3: 3 2 1
2 4 6

We can use the leading principle minors to investigate the definiteness of a quadratic
form and later to determine if a function is convex or concave.

Theorem 5.5. Let
Q(x) = xT Ax



be quadratic form given by a symmetric n x n matrix A. Denote by Dy the leading principal
minor of order k, and let A, denote any principal minor of order k. Then the quadratic
form @ and the symmetric matrix A are

(1) positive definite <= Dy, > 0 for k=1,...,n.

(2) positive semidefinite <= Ay > 0 for all principal minors.

(3) negative definite <= (=1)*Dj, >0 for k =1,...,n.

(4) negative semidefinite <= (—1)*Aj > 0 for all principal minors.

Note that the condition (—1)*Dy > 0 for k = 1,...,n, is the same as D; < 0,Dy >
0, D3 < 0, etc. We apply the theorem in an example.

Example 5.6. Show that the quadratic form defined by
Q(z1, T2, T3) = 323 + 62123 + T3 — dao73 + ST

is positive definite.

Solution.
We may write @) as
Q(x) = xT Ax
where x = (1,22, 23) and
3 0 3
A= o 1 =2
3 -2 8
The leading principal minors
3 0 3
3, ‘g (1)’:3,and 0O 1 —-2|=3
3 -2 8
are all positive, and this means that @ is positive definite.

5.2. The Hessian matrix. Several of the result that we will state in this and the
next few lectures are concerned with functions that belong to the class denoted C2. That a
function is C? means that the second order partial derivatives exists and are continuos. I
will not state this condition, but rather assume that all functions in this course are C2.

We start by recalling the notion of partial derivatives.

Example 5.7. Assume
fzy,m2) = x% = x% — 21T
Find all the first order partial derivatives of f.

Solution.
We denote by fi the partial derivative of f with respect to the first variable zy:
of
!
= — =2z — Z2.
fl 6371 1 2
We denote by f4 the partial derivative of f with respect to the second variable xs:
of
!
= —— = 219 — 17.
fy= 5o = —2ma—m

To define the Hessian matrix we need to compute the second order partial derivatives.
We denote by fi5 the second order partial derivative, were we first differentiate with respect
to the first variable x7 and then differentiate with respect to the second variable x5. We
denote by f4, the second order partial derivative, were we differentiate twice with respect
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to xo. Note also that it is common to write

1 82 f 1 82f

= ———/—— an = .
12 893201’1 2 3x18x2

At this point we should also make another remark on notation. We have already used
x in two slightly different meanings. We have used x to denote the column vector

T
X =
Ty,
in connection with matrices. In connection with functions we have used x = (z1,...,2,)
for instance when writing f(x) = f(z1,...,z,). We will continue this notational ambiguity,

but the two meanings of x can be distinguished from the context.

Example 5.8. Find the second order partial derivatives f15 and f3; of the function f(z1,22) =

1’% — Z’% — X1X2.

Solution.
We get
o f 0
== = (2 — =1
12 81‘281‘1 81‘2( e $2)
0% f 0

" = — = — 72 — == 72

227 Ond 6952( 2 =)
Definition 5.9. Let f be a function in n variables x1, o, ..., z,. The matrix

£(x) = (£5(2) 00

is called the Hessian (matrix) of f at x.

Note that for all functions that we will consider in this course, the Hessian matrix will
be a symmetric matrix. This follows from Young’s theorem.

Example 5.10. Find the Hessian matrix of the function

flz1,22) = x% — x% — T1Ta.

Solution.
We get that
0
o= (2ay — xy) =2
11 axl( 11— Z2)
1p=—1
0
M= —2m9 —x1) = —1
21 89:1( > — 1)
4= 2

From this we get

) = () H405))

21(x)  faa(x)

(%)
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Some theorems can be used only for functions defined on open subsets of R". We will
not give precise definition of a open set, but refer to FMEA [2] page 460. For our purposes
it will be enough to know that the Euclidian spaces R™ are open and also that subsets of
R™ defined by strict inequalities (> and <) are usually open.

Example 5.11. The subset S = {(x1,z2)|z1 > 0 and x5 > 0} of R? consists of points where
both coordinates are positive. This set is open. The subset {(z1,23)|z1 > 0 and z5 > 0}
of R? is however not open.

The following important theorem tells us that we can use the Hessian matrix to deter-
mine if a function is concave or convex.

Theorem 5.12. Suppose f is a function in n variables defined on an open convex set S in
R™. Let £”(x) denote the Hessian matrix of f at x.

(1) £”(x) is positive definite in S = f is strictly convex in S.
(2) f”(x) is negative definite in S = f is strictly concave in S.
(3) f(x) is positive semidefinite in S <= f is convex in S.

(4) £”(x) is negative semidefinite in S <= f is concave in S.

The theorem is a powerful tool for determining if a function is convex or concave. Let
us look at the function from the example above.

Example 5.13. Is the function
f(@1,m0) = 27 — 23 — 2129

convex or concave?

Solution.
We have already found that

2 -1
f”(xlaxQ) = ( -1 -9 >

2—-A -1
-1 —-2-A

The characteristic equation is

’:/\2—520

and has the solutions A = —v/5 and A = /5. Since there are both positive and negative
eigenvalues, f”/(x1, z5) is indefinite, so f is neither convex nor concave.

We may also use principal minors to determine the definiteness of the Hessian matrix.

Example 5.14. Consider the function f defined by
flz,y) =20 —y—a® +zy — ¢

for all (x,y), i.e. f is defined on S = R2.
Is f concave or convex?
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Solution.
We get

Differentiating again, we get

{1:—2
{2*1
51*1
22 = —2

Thus the Hessian matrix is

ren=( 7 L)

The leading principal minors are
Dy =-2

Dy

We get,
(~1)'Dy = (~1)(~2) =2> 0
(-1)?Dy =1-3=3>0.

This means that the Hessian matrix is negative definite, and hence f is strictly concave.

Example 5.15. Show that the quadratic form
Q(z1,22) = —22 + 22129 — T2

is negative semidefinite but not negative definite

Solution.
The quadratic form may be written as

Q =x"Ax

-1 1
A ( bl ) |
The principal minors of order 1 are —1 and —1. Thus we have A; < 0 for all principal
minors Ay of order 1. There is only one principal minor of order two
-1 1
1 -1

where

=0.

Thus we have As > 0 for all principal minors Ay of order 2. Since the last minor is also
a leading principal minor, and since it is zero, we can conclude that the quadratic form is
not negative definite.

5.3. Extreme points. In this section we come to the main concern of finding maxima
and minima of a function of several variables.

Definition 5.16. Let f be a function in n variables x1,...,x,. A stationary point of f is a
point where all first order partial derivatives are 0.

To find the stationary points we must solve the system of equations obtained by setting
the partial derivatives equal to zero.
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Example 5.17. Find the stationary points of f defined by
flz,y) =2z —y —a® +ay —y°.

Solution.
We get,

fi=2-2x+4+y=0
fo=—-1+z—2y=0.
Rewriting we have
—2rx+y=-2
r—2y=1.
This is a system of linear equation and may be written as
(L)) (7)
1 -2 y 1
using matrix notation. The solution is given by
(3)-(7 %) (%)
Y 1 =2 1
(5 ) (7)-6)
3 3

We conclude that (z,y) = (1,0) is the only stationary point of f.

Definition 5.18. Let f be a function in n variables z1,...,x,, defined on a set S C R". A
point x* = (z7,...,z}) in S is called a global maximum for f if f(x*) > f(x) for all other
points x in S. We say that x* is the maximum point and that f(x*) is the maximum value.
Minimum points and minimum values are defined similarly.

A maximum point and a minimum point will be stationary points.

Theorem 5.19. If x* is an interior maximum point or a minimum point, then x* is a sta-
tionary point.

On the other hand, if we know the stationary points we can often determine the maxi-
mum points and the minimum points.
Theorem 5.20. Suppose that f is defined on S and that x* is an interior point. Then
(1) If f is concave, then x* stationary <= x* is a global maximum.
(2) If f is convex, then x* is stationary <= x* is a global minimum.

Consider the following example.

Example 5.21. Explain that
flz,y) =20 —y —a® +zy — ¢

has a global maximum.

Solution.
We have found that f is concave and that (z,y) = (1,0) is the only stationary point. By
the theorem above, we conclude that (1,0) is a global maximum point.

We conclude with the following examples.
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Example 5.22. Find all extreme points of f given by
flz,y,2) = 2® + 2y* + 32% + 2zy + 222 + 3.

Solution.
We get,
0
or =2rx+4+2y+22=0
ox
0
or =4y +2x=0
Jy
0
a—JZc =6z+2zx=0.
This gives a system of linear equations that can be written as
2 2 2 T 0
2 4 0 Y 0
2 0 6 z 0
Since
2 2 2
2 4 0|=8+40
2 0 6
we have only the solution (z,y, z) = (0,0,0). So (0,0,0) is the only stationary point. The

Hessian matrix becomes

" " "
11 12 13
£ — " "
- 21 22 23 -
" " "
31 32 33

and the leading principal minors are

|
SO
=N
oo

Dy =2,

2 2
b2 2|-a
2 2 2
Dy=|2 4 0|=8
2 0 6

Since the leading principal minors are all positive, the Hessian matrix f” is positive definite.
This means that (x,y,2z) = (0,0,0) is a global minimum.

Example 5.23. Consider the function
f(x1, 20, 23) = 2] + x5 + x5 + 23 + 22 + 2.

Find its extreme points.
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Solution.
The first order conditions yields

fi =2z +42% =2z, (1+227) =0
fh = 2xq + 423 = 225(1 +223) =0
fy = 2w3 + 4z = 223(1 +223) =0

From this we see that (z7,z5,2%) = (0,0,0) is the only stationary point. The Hessian
matrix is

R A A 1222 + 2 0 0
/=1 fh foo fis | = 0 1223 4 2 0
1" " 1 2

For any choice of (z1, x2, x3) this matrix will be positive definite, so the function f is convex.
Hence (z7,23,2%) = (0,0,0) is a minimum.

Example 5.24. Consider the function
flz1,2) = —af — 2}
defined on
S ={(x1,22)|z1 > 0 and z2 > 0}.
Show that S is a convex set and that f is a concave function.

Solution.

Let x = (21,22) and y = (y1,y2) be two points in S. We must show that the line segment
[x,y] is also contained in S. To do this let z = (21, 22) be any point on the line segment.
Then

(21,22) = s(w1,m2) + (1 — 5)(y1,y2)
for some s € [0, 1]. Since x and y are in S, we know that z; > 0, 22 > 0, y; > 0 and y5 > 0.
From this we see
z1=sx1+ (1 —38)y1 >0
2o = sx9 + (1 — 8)ya >0
and we conclude that z = (21, z2) is in S.
To show that the function f is concave, we find the Hessian matrix. We have
fi =3
fé = —2{E2
and

, _ (X))
(21, 12) = ( f;’l(x) fé;(x) >

- —61'1 0
o 0 -2 )

Since 27 > 0 when (x1,x2) is in .S, we see that the numbers on the diagonal will always be
negative. For a diagonal matrix, the eigenvalues are on the diagonal, so we conclude that
the Hessian is negative definite for all (1, x2) in S. This means that the function is strictly
concave.
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6. Local extreme points and the Lagrange problem

Reading. This lecture covers topics from Sections 3.2 and 3.3 in FMEA [2].

6.1. Local extreme points. In the previous lecture we defined global maximum and

minimum for a function in several variables. We will also consider the notion of a local
maximum or minimum.

Definition 6.1. Let f be a function in x = (x1,...,2,). A point x* = (x7,...,z}) is a local
maximum point for f if f(x*) > f(x) for all x in a small neighborhood of x*, and x* is

called a local minimum point for f if f(x*) < f(x) for all x in a small neighborhood of x*.

If we compare this definition with the definition of a global mazimum from the previous
lecture, we note that we for a local maximum only need f(x*) > f(x) for x close to x*.

Example 6.2. We will show later that the function
f(x1, 22, 23) = 23 + 3x129 + 32123 + 25 + 32023 + T3
has x* = (=2, —2,—2) as a local maximum. We have
f(=2,-2,-2) =12
for the minimum value and
f(—1.8,—1.8,—1.8) = 11.664
which is less as we would expect since 12 is a local maximum. We have however
f(1,1,2) =25

so (—2,—2,—2) is not a global maximum.

As for global maxima and minima, if x* is an interior local maxima or minima, then
x* is a stationary point. Conversely, if we know that x* is a stationary point, we would like
to know if it is a local maximum or a local minimum. The following theorem is known as
the second derivative test.

Theorem 6.3. Suppose f(x) = f(z1,...,%y,) is defined on a subset S of R™ and that x* =
(z%,...,2}) is an interior stationary point.

) n

(1) If the Hessian matrix f”(x*) at x* is positive definite, then x* is a local minimum
point.

(2) If the Hessian matrix f”(x*) at x* is negative definite, then x* is a local maximum
point.

(3) If the Hessian matrix £/ (x*) at x* is indefinite, then x* is neither a local maximum
nor a local minimum.

We consider an example.

Example 6.4. Show that (z7, 25, %) = (=2, —2, —2) is a local maximum for f given by

f(z1, 20, 23) = x:{’ 4 3x129 + 3123 + a:g + 3x023 + xg
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Solution.
First we show that (x7, x5, 23) = (—2,—2,—2) is a stationary point. The first order condi-
tions are:

fi =3z +3x2+323=0
fh=3x1 + 323 + 323 =0
fh = 3wy + 3xo + 323 = 0.

By substitution, we see that (x7,z3,25) = (—2,—2,—2) satisfies these equations. Thus
(—=2,—2,-2) is a stationary point. To show that it is a local maximum, we calculate the
Hessian matrix

1 1 1
) 11 12 13 624 3 3
’ 11 1" " _
7 = 21 Jo2  J23 = 3 bz 3
1 1 1
31 32 J33 3 3 baxs

In the point (—2, -2, —2), we have that

-12 3 3
f/(-2,-2,-2)= 3 -12 3
33 —12

We must show that this symmetric matrix is negative definite. To do this we calculate the
leading principal minors:

3 -12 3 3
Dy = —12, DQ‘ P ‘135 and Dy=| 3 —12 3 |=-1350
3 3 12

We thus have

(-=1)'Dy; =12, (=1)2Dy = 135 and (—1)3D3 = 1350.
Since these are all positive, we conclude that the Hessian matrix is negative definite, and
by the theorem we conclude that (—2, —2, —2) is a local maximum.

Definition 6.5. A stationary point that is neither a local maximum nor a local minimum is
called a saddle point.

From the theorem above, we know that if the Hessian matrix is indefinite in a stationary
point, then the we have a saddle point.

Example 6.6. Show that x* = (0,0, 0) is a saddle point for

flxy, e, x3) = m? + 3z129 + 31123 + xg + 3x0x3 + xg
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Solution.
From the first order conditions in the previous example, we see that x* = (0,0,0) is a
stationary point. We have already found the Hessian matrix

1 1 1
. 11 12 13 624 3 3
_ " " 17" _
= 21 22 J23 = 3 bz 3
1 1 1
31 32 J33 3 3 Gxs

In the point (0,0,0) we have
0 3 3
£7(0,0,0)= 3 0 3
3 3 0
We will show that this symmetric matrix is indefinite. One method is to find the eigenvalues:
0— A 3 3
3 0— A 3 =0
3 3 0—A
To solve the characteristic equation we add the two first rows to the third row. Since the
determinant is unchanged under these operations, we can solve

-2 3 3
3 —-A 3 =0
6—X 6-X 6—2A\

If we use cofactor expansion along the third row, we obtain

3 3 32| A3 _1\3+3
a3 | TEDT g gD

- 3
3 =A

(6~ N)((~1)*" bzo

or
(6—X)(A\?+6X+9)=0.

From this we obtain the eigenvalues A = 6 and —3. Since there are both positive and

negative eigenvalues, we conclude that Hessian matrix is indefinite. Thus we have proven

that (0,0,0) is a saddle point.

The version of the second derivative test that we have considered is valid for any
numbers of variables, and in the case of two variables it specializes to the more known
version.

Example 6.7. Let f be a function in two variables. Then the Hessian matrix is
1" 1"
o=
21 Jo2

l/

The principal minors are

1
D, = f{/l and Dy = ‘ Tin f11 22 f21 12-

22

Since we only consider functions that are 02 we have that f5, = f{5. Thus Dy = f{} 55 —
(Fip)2.

If D; > 0 and Dy > 0, we have a minimum. If (=1)!D; > 0 and (—1)2Dy > 0 we have a
maximum. We have seen that Ds is equal to the product of the eigenvalues. So if Dy < 0
we must have both a positive and a negative eigenvalue. Thus if Dy < 0, the Hessian is
indefinite. In conclusion we have

L >0 and f]} f4 22 —(f15)?>>0  local minimum
1 <0 and i 22 —(fi5)?>0 local maximum
s = (fi5)?2 <0 saddle point
As we know, if f]} 55 — (f15)? = 0, we cannot conclude on basis of the second derivative

test. We know that one of the eigenvalues has to be zero, but we can still have a local
minimum or a local maximum or a saddle point in this case.



If the Hessian matrix is positive or negative semidefinite, we cannot classify the point
without further investigations. However on the other hand if we know that a point is a
local maximum or a local minimum, it forces the Hessian matrix to be negative or positive
semidefinite in these points.

Theorem 6.8. We have that:

(1) If x* is a local minimum, then the Hessian f”(x*) at x* is positive semidefinite.
(2) If x* is a local maximum, then the Hessian f”(x*) at x* is negative semidefinite.

Example 6.9. Classify the stationary points of

flxy, @0, 23) = —21:41L + 22923 — 73 + 821

Solution.
The first order conditions are

fl=-8+8=0
féZQLL'g*Q‘IQ:O

f5=2x5=0.
From these we obtain
r1 =1
zo =10
z3 = 0.

Thus x* = (21, x2,23) = (1,0,0) is the only stationary point. The Hessian matrix is

" " " 2
. 11 12 13 =242y 0 0
_ " " " _
7 = 21 Jo22  J23 = 0 -2 2
1 1 1
31 J32 Js33 0 2 0

In the point x* = (1,0, 0), this becomes

-24 0 0
£7(1,0,0) = 0o -2 2
0 2 0
We solve for the eigenvalues
—24 — )\ 0 0
0 —2-) 2 [=(-24-N(\*+2x—4)=0.

0 2 -2

From this we obtain that A = —24 or A = —1 4+ /5. Since —1 + /5 > 0, we have both
positive and negative eigenvalues. This means that £/(1,0,0) is indefinite, and thus that
(1,0,0) is a saddle point.
We may also conclude by looking at the leading principal minors. We have

Dl = —24, DQ =48 and D3 =96

Since none of them are zero and since they are not all positive and do not have alternating
signs, we can conclude that the Hessian is indefinite.

6.2. The Lagrange problem. The Lagrange Problem is the problem of finding

the maximum or minimum of a function f(x1,...,z,) subject to condition constraints
g1(z1, ..., xn) = b1,.. .y gm(21, ..., Tn) = by. Here f is called the objective function and
91,92 - .-, 9gn are called the constraint functions.
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Definition 6.10. The Lagrange function or the Lagrangian is defined as
L(x1,... x0) = f(z1,.. . 20) — Ag1(T1, .-, Tn) — - — Apgm(T1, - .+, Tn)-

The equations
oL

(“)xi
are called the first order conditions.

=0fori=1,...,n

The variables \; are called the Lagrange multipliers. In some texts the Lagrangian is
defined as

L(x1,y. . xn) = f(x1,...;20) = M(g1(z1, .., 20) —b1) — - = A (gm (21, - - - s ) — b))

The advantage of this definition is that on obtain the constraints as gTL =0.

Theorem 6.11. Suppose f, g1,-..,9m are defined on a subset S of R™, and that x* =
(z1,...,2y) is an interior point of S that solves the Lagrange problem. Suppose furthermore
that the matrix

0, 0,
CXCONEREE 1S
0, . 1) .
Yo (x) - Gm(x)

has rank m. (This is called the NDCQ (nondegenerate constraint qualification) condition.)
Then there exist unique numbers A1, ..., A,, such that the first order conditions are satisfied.

The theorem ensures that (under the given condition) that one can find all maxima and
minima by solving the first order conditions together with the constraints. We consider an

example.

Example 6.12. Consider the problem of optimizing
f(z1,22) = o1 + 3x2 subject to g1(x1,x2) = :c% +5L‘§ =10

Discuss the first order conditions.
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Solution.
We first consider the NDCQ condition of the theorem above. Since there is only one
constraint, we get the matrix

o) o)
This matrix has rank m = 1 except when 1 = x5 = 0. But if 1 = 5 = 0, then x% + x% =

02402 = 0 # 10 violating the constraint, so the matrix has rank m = 1 at every point that
satisfies the constraint. The Lagrangian is

L(x1,22) = f(x1,72) — Mg1(21,72)
=1 + 379 — M\ (2] + 73).

For convenience we put A = A\;. We obtain

oL 1
—=1-2\z; =0 = = —
8951 1 e 2
oL 3
— =3—-2\z2=0 = —
8$2 2 — T2 2
We substitute these expressions in the constraint and obtain
1 3 1.5 3 . 10
—, —) = (== —)° =— =10.
ngnan) =) T = e =10
From this we obtain that A\*> = 1/4 or A\ = £1/2. This gives
1 1
LT ON T o(x1/2)
3 3
=—=——""=43.
2= 08 T gy

Thus we have

1
(=1, —3) corresponding to A = ~3

1
(1,3) corresponding to A = 3

These two points are the candidates for optimum. By the theorem, the solution of the
Lagrange maximization problem is given by one of these points.

If we are able to infer that the Lagrangian is concave or convex, we may use this to
conclude that a point satisfying the first order conditions and the constraints is maximum
or a minimum.

Theorem 6.13. Assume that there exists numbers Aq, ..., A, together with x* = (z1,...,z,)
such that the first order conditions are satisfied. Then:

(1) If L is concave as a function in x* = (x1,...,2,) (and with Ay,..., A\, as the fixed
numbers), then x* solves the maximization Lagrange Problem.
(2) If £ is convex as a function in x* = (21, ..., 2,), then x* solves the minimization

Lagrange Problem.
Let us revisit our previous example.

Example 6.14. Consider the problem of optimizing
f(z1,x2) = x1 + 329 subject to g1(x1,x2) = :z:% + :rg = 10.

Show that (1,3) is a maximum under the given constraint.
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Solution.
The point x* = (z1,22) = (1,3) corresponded to the value A = 3. Thus the Lagrangian is

1

f($17x2) - *91(171,1’2)

L(l‘l,lﬂg) B

1
1+ 322 — 5(:0% + 23).

In Lecture 5 we showed that that h(zq,22) = 1 + @2 is both concave and convex. This
may easily be adapted to show that h(z1,22) = x1 + 32 is both concave and convex. We
have also seen that the function h(zy,22) = x? + 23 is convex. From this it follows that
—h(z1,22) is concave. From the theorem at the end of Lecture 5 it follows that £(z1,x2)
is concave. From the theorem above, this means that (1,3) is a maximum.

We end by finding the first order conditions in a somewhat more complicated example.

Example 6.15. Solve the first order conditions for max of
f(z1,m2,73) = T17273

subject to
g1(x1, o, x3) = x% + x% =1 and go(x1,x9,23) = x1 + 23 = 1.

Solution.
We have that

991 991 991

(?xl ax2 am3 _ 2.1:1 2$2 O

dg2 Og2  0g2 = 1 0 1 :
8951 amg amg

We see that this matrix has rank equal to m = 2 unless both z; = 0 and z2 = 0. But
x1 = x5 = 0 violates the constraints. The Lagrangian is

L(x1,29,73) = f(21,T2,23) — Mg1(21, T2, 3) — A2ga(T1, T2, 73)
= T1T2T3 — )\1(53% + x%) — Aa(x1 + x3).

The first order conditions are

0

— = I2X3 — 2)\1{,61 — )\2 =0
8561

oL _ T1w3 — 2M\w2 =0

6.1‘2

oL

87%71719:27)\270'

We obtain A\ = % and Ao = z1xo. Substituting this into zozsz — 2A\121 — Ay = 0 gives

x%l'g — 1’%%3 —

z113 = 0.
From the constraints we obtain 23 = 1 — % and 23 = 1 —z;. Substituting this into the last
equation gives
(1—2)(1—2) —22(1 —21) —21(1 —23) = 0.
This factors as
(1—z1) (—32] — 21

+1)=0
From this we get 1 = 1 or 1 = (-1 & v/13)/6, 2

and from the equations 23 = 1 — 2%,

r3=1—1x1, \{ = % and Ay = z12x9, we find

=1 9 =0 z3 =0 A =0 A =0
1= (—1-+13)/6 xzy=+ —Tls\/ﬁ—F% $3=é\/ﬁ+% /\12% A2 = T1%9
vy = (—1++13)/6 x9=+ %\/ﬁ-l—% LCSZ%—%\/E A= A =211
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7. Envelope theorems and the bordered Hessian

Reading. This lecture covers topics from Sections 3.1, 3.3, and 3.4 in FMEA [2].

7.1. Envelope theorems. In economic optimization problems the objective function,
that is the function that we are maximizing, usually involves parameters like prices in
addition to variables like quantities. In such cases it is of interest to know how the maximum
is affected by a change in these parameters. This explains the interest in the so-called
envelope theorems.

Theorem 7.1. Assume that f(x;a) is a function of x = (z1,...,2,) that depends on a
parameter a. For each choice of the parameter a, consider the maximization problem

max f(x;a) with respect to x.

Let x*(a) be a solution to this problem. Then

d “(a)a) = (2F

To illustrate this theorem, we consider a simple example in one variable.

Example 7.2. Consider the function
f(z;a) = —22 + 2az + 4a®
in the one variable z. The function depends on the parameter a. The derivative of f with
respect to x is
f(x;a) = =2z + 2a
and we see that the function has a maximum for
T =a.

The value function f* is given by f*(a) := f(2*(a);a) = —a® + 2a - a + 4a® = 5a®.
We get
d

* _ i 2\ __
(£ (@) = 2 (50%) = 100
and of of
0 = 2z + 8a — (f%t)xx* = 10a,

so 4L f(z*(a);a) = (%) as predicted by the theorem.

The following is a slight modification of one of the problems on last weeks problem
sheet.

Example 7.3. A firm produces goods A and B. The price of A is 13 and the price of B is p.
The cost function is

C(z,y) = 0.04z2 — 0.012y + 0.01y2 + 4z + 2y + 500.

The profit function is
m(xz,y) = 13z + py — C(x,y).
Determine the optimal value function 7*(p) and verify the envelope theorem.
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Solution.
We get
m(x,y) = 97 + (p — 2)y — 0.042 4+ 0.01zy — 0.01y* — 500.

The first order conditions yields:
7, =9—0.08z+0.0ly =0
m, = (p—2) +0.01z — 0.02y = 0.
This gives the following system of linear equations
—0.082 4+ 0.0ly = -9
0.01x — 0.02y =2 — p.

The solution is given by

2\ [ =008 001 \ '/ -9
y* ) 0.01 —0.02 2—p
~( 6.6667p+ 106.67
~\ 53.333p—46.667 )

, [ —0.08 0.01
™=\ 001 —0.02

D, =-0.08<0

The Hessian is

which has

and
Dy = (—0.08)(—0.02) — (0.01)?
=0.0015>0

as leading principal minors. We conclude that the Hessian is negative definite, so 7 is
concave. This means that (z*,y*) is a maximum.
The optimal value function is then

7 (p) = n(z*,y*) = m(6.666 7p + 106. 67, 53. 333p — 46. 667)
= 26.667p* — 46.667p + 26.667.
To verify the envelope theorem we compute
d
—(7*(p)) = 53.333p — 46.667.
dp
On the other hand we have
o _
dp Y
so that

B
(;) — y* = 53.333p — 46. 667
P/ o=~ y=y*

in agreement with the envelope theorem.

There is also an envelope theorem for the Lagrange problem.

Theorem 7.4. Assume that f(x;a) and ¢1(x; a), . .., gm(x; a) are functions of x = (z1,...,z,)
that depend on a parameter a. Suppose that the NDCQ condition holds. For each choice
of the parameter a, consider
max f(x;a) subject to g1(x;a) =0,...,gm(x;a) =0.

Let x*(a) = (zi(a),...,z}(a)) be a solution, and let A(a) = (A1(a),..., A\m(a)) be the
corresponding Lagrange multipliers, and let f*(a) = f(x*(a);a). Then

d .. oL

@ = (%)

x=x*(a),A=X(a)

where £ is the Lagrangian.
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We show how the theorem may be used in an example.

Example 7.5. In Lecture 7 we considered
max f(z1,z2) = x1 + 35 subject to g(x1,x2) = xf + aﬂcg =10

when a = 1. We found that x* = x*(1) = (1,3) with Lagrange multiplier A = 1 solved the
problem with f(1,3) = 10. Let x*(a) be the solution for each choice of the parameter a and
let f*(a) = f(x*(a);a) be the optimal value function. Use the theorem above to estimate
f*(1.01). Check the estimate by computing the optimal value function f*(a).

Solution.
The NDCQ condition is satisfied when a # 0. The Lagrangian is

L=z + 3wy — Mz} + ax3).

We get
1
% i (%)
da 9a ) y—(1,3)2=1/2 2 2
By the theorem we have
d .. 9
%(f (a)) = 9

By linear approximation we have
* ~ £k d *
ram =+ (@) oo
a a=1

9
=10+ (—3) - 0.01 = 9.955

We now solve the maximization problem directly: We get

oL 1
8%1 T1A 0 = 2 X
oL

T 3 2a\ry =0 — @y = ——
s e 27 2

Substituting these expressions into the constraint g(z1,z2) = 23 + az3 = 10, we obtain

N L () _ere
2 2Xa /) 4da)?

For this we obtain

a+9 a+9
2\ = = A=+
40a 40a
We get
1 3
1 =ft———and 2y = +—+—
a+9 a+9
2/ Toa 2a\/ 40a
Thus
fr=x
40a 40a

For a = 1.01 and positive sign we obtain
f*=9.9553.

7.2. The Bordered Hessian. In this section we consider briefly second order condi-
tions for the Lagrange problem. Using the bordered Hessian one can find the local maxima
and minima for a function subject to constraints. We restrict ourselves to the easiest case.
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Theorem 7.6. Consider the problem of finding the local maxima of a function f(z1,z3) in
two variables, subject to one constraint g(z1,z2) = b. Let
L(x1,22,A) = f(z1,22) — Ag(@1, 22)

be the corresponding Lagrangian. Suppose that for some A, the first order conditions

oL oL

— =0and — =0

(’)xl an 81‘2
are satisfied at x* = (z7, 23), that g(z}, x3) = b and that the bordered Hessian

0 B¢ dg

a 69:1 69:2
e LYy Ly | >0at x* = (27, 23).
dg 1" "
Dy 21 22

Then x* = (z7, z3) is a local maximum for f(z1,z2) subject to g(xy1,z2) = b.
We will use this theorem on the function and constraint in a previous example.

Example 7.7. Consider
f(x1,22) = x1 + 3zo subject to g(x1,x2) = x:{ + x% = 10.

Show that (1,3) is a local maximum.

Solution.
With
L=+ 3wy — Nt + 23)

we found that (1,3) and A\ = % satisfied the first order conditions:

oL
—=1-212=0
8:61 o
oL
— =3 —2\ry =0.
6.@2 T2
We have that 9 9
9 o =2 1=2and X =24, =2.3=6.
o1 02

The second order partial derivative of the Lagrangian are

/1/1:_2)\:_2'%:_1 12 =
Thus the bordered Hessian is
0 Og  9g

9 8£E1 8:E2 0 2 6
g Lh Ll =2 =1 0 | =40>0
375; 5 5o 6 0 -1

So (1, 3) is a local maximum.
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8. Introduction to differential equations

Reading. This lecture covers topics from Sections 5.1 and 5.3 in FMEA [2]. In addition
it is strongly recommended to review integration, see for instance EMEA [3] chapter 9 or
[I] chapter 6.

8.1. Brief review of integration. Differential equations involves derivatives, and to
solve differential equations it is important to have a good understanding of both derivation
and integration.

Example 8.1. Find %% in the following cases:
(1) z(t) = 100e~2
(2) 2(t) = In(2t)
(3) z(t) = (2t + 3)*

Solution.

(1) 4 = 2/(t) = 100e2!(—2t) = —200e~*
(2) F=a't)=52=1
x

(t) =4(2t + 3)3 -2 =8(2t + 3)3

To solve differential equations, one often has to evaluate integrals. It is thus important
to know the basic integration techniques.

Example 8.2. Find the integrals:
(1) [z'3dz
(2) [(t3+2t—3)dt
(3) [aze dx
(4) [(2* +1)*2zdx

Solution.

(1) [aPde = 2+ C = g2t +C
(2) [(B3+2t—3)dt =1t +> -3t +C
(3) To find [ ze®dx we use the formula for integration by parts

/uv’dw = uv — /u’vdx.

We chose u = z and v/ = e*. Since the derivative of €% is e*, we get v = % and
v’ = 1. Thus

/xexdm:me”—/l-e“dx:xex—ew—&—C’.

(4) To find [(x? + 1)®2zdz we use substitution. We put u = 2% + 1. We get that
% = 2z, and deduce that du = 2xdx. Thus we get

1 1
/(332 +1)%22dx = /usdu = §u9 +C = §(m2 +1)°+C.
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8.2. What is a differential equation? Let x be an economic variable like interest
rate or oil production. It is often possible to set forth models for such variables and these
models often lead to a differential equation involving the variable x. In such equations one
takes into account that x changes in time and one views z as a function z(t) of the time ¢.
The notation # is often used for the derivative of x with respect to t, i.e. one has

il
S dt

Example 8.3. Consider the function x = x(t) = 100e~2!. The derivative of x with respect to
tis
& = 100e"2(-2) = —2z.
We see that we have an identify
i = =2
involving the function z and is derivative. This is an example of a differential equation,
and z = z(t) = 100e~2 is a solution of this differential equation.

Definition 8.4. A differential equation is an equation for an unknown function that relates
the function to its derivatives.

The following are examples of differential equations.

Example 8.5.

(1) £ = az where a is a constant.
(2) £+3z=4
(3) & + 2z = 502

The equations in the example are all what we call first order ordinary differential
equations.

Example 8.6. Show that z = Ce=2'+4 (where C'is a constant) is a solution of the differential
equation
T+ 2z = 8.

Solution.
Differentiating x = Ce™%! + 4 , we obtain

&= Ce 2 (—2t) = —2Ce™ .
From this we have that
i+ 20 =20 2 +2(Ce 2 +4)
= —2Ce 2 4207 +8
=8.

Thus the equation is satisfied.

It should be remarked that a differential equation in general will have infinitely many
solutions.

Definition 8.7. The set of all solutions of a differential equation is called the general solution
of the equation. Any specific function that satisfies the equation is called a particular
solution.




Example 8.8. We have that

x=Ce 2 44
is the general solution of & 4 2z = 8 and
r=3e"2+4

is a particular solution of & 4 2x = 8.

Often one is interested in finding a particular solution of a differential equation that
satisfies a initial condition.
Example 8.9. Find the particular solution of
T+2x=28
that satisfies the initial condition xz(0) = 2.

Solution.
The general solution is z = Ce™%! + 4. Putting t = 0, we get

z(0)=Ce™?%+4=C+4
From z(0) = C + 4 = 2, we conclude that C' = —2. Thus the particular solution satisfying
z(0) =2, is
x(t) = =272 4 4.

8.3. Separable differential equations. Many differential equations are impossible
to solve. In this course we will consider some classes of equations where it is possible to
find a solution.

Definition 8.10. A first order ordinary differential equation is one that can be written as
&= F(t,x)

for a function F'(¢,x) in the variables x and ¢. It is said to be separable if & = f(t)g(zx) for
functions f(¢) and g(z) in one variable.

We will see how to solve separable differential equations.

Example 8.11. Determine which of the following differential equations are separable.
(1) z =at
(2) d=x+t

(3) z=wt+ 2t

(4) & = zt? + 222

Solution.

(1) This is separable since we have & = f(t)g(x) with f(t) =t and g(z) = =.

(2) This is not separable.

(3) Since the equation may be written as & = ¢(z + 2), this equation is separable.
(4) Since 4 = t2(x + 22), this equation is separable.

We now explain how to solve ordinary first order separable equations:

(1) Write as

dx
X~ fnate)
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(2) Separate as

(3) Integrate:

Example 8.12. Find the general solution of

2t
T 32
Solution.
We have
dzx _ o 1
dt 32’
We separate as
3x2dx = 2tdt.

Integrating, we get
/3x2dx = /Qtdt = 2 =t>+C.

Taking the third root, we obtain

x=vt2+C.

Example 8.13. Solve the following differential equation

& =xz(l — z).
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Solution.

We have p
d—f =z(1—2x).
Separating, we get
dx
— =dt.
z(1—x)

We thus need to integrate

[aima=

To evaluate the first integral, we note that

N
r 1-2 2(1-2)

/(é—klix)dx:/dt.

In|z| —ln|l —z|=¢t+C.

Thus we have

Integrating, we obtain

This may be rewritten as

x
In =t+C
=
Taking the exponential function on each side, we obtain
\ x | = et = eteC.
1_
We get
i Ct
—— =+e"e
1—2
or .
= Ke!
1—=x
where K is a constant. This may be rewritten as
r=Ke'(l - )
or

x+ zKet = Ke'.
From this we get
Ket 1

1+ Ke') = Ke' = -
z(1+ Ke") et = =z T Kol %e—t—i—l

Putting k = %, we get
1

r=-—
ke t+1
where k is a constant.
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9. Linear first order and exact differential equations

Reading. This lecture covers topics from Sections 5.4, and 5.5 in FMEA [2].

9.1. First order linear differential equations. In this section we consider the
class of linear first order differential equations.

Definition 9.1. A first order linear differential equation is one that can be written in the
form

4+ a(t)z = b(t)
where a(t) and b(t) are functions of ¢.

We will soon learn how to solve these equations, so it is important to be able to
distinguish the linear first order differential equations from other differential equations.

Example 9.2.
(1) &+ 2tz = 4t is linear.
(2) @ —x = €2 is linear.
(3) (2 +1)% + e’z = tInt is linear because it can be written as i + %1} = y—ﬁ
(4) @ — 2? = 0 is not linear because of the term z?.
(5) & — e® = 2t is not linear because of the term e”.

We will now see how to solve first order linear differential equations. This will be done
by multiplying the equation by a factor called the integrating factor in order to write the
left hand side of the equation as the derivative of a product. To understand this, we need
to remember the rule for the derivation of a product:

(uv)’ = u'v + uv'.

For example

Example 9.3. Find the general solution of
T+2x=T.
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Solution.
The trick is to multiply the equation with e?* where 2 is the coefficient of . The factor e?
is called the integrating factor. We get

et + 2ze?t = 72!

We see that the left hand side is exactly
d

a(afeﬂ),

so that the equation may be written as

d
o (ze?t) = 7e2t.

We can now integrate with respect to ¢ to obtain
re®t = /7€2tdt = %e% +C
To solve for z, we divide both sides by e* to obtain
T = 7 +Ce %

2
as the general solution.

The method used in the example can be generalized.

Proposition 9.4. The differential equation
T+ar=">~

where a and b are constants, has the general solution

b
t) = Ce % + =,
x(t) =Ce™* + u

One is often interested in what happens when ¢ tends to infinity. If a > 0 then e~ — 0
as t — oo. This means that the solution of & + axz = b tends to 3 when t — oo. In this case
the solution is said to be stable, and x = g is called the equilibrium state. When a < 0,
then e~ — 0o as t — oco. In this case (and if C' # 0) the solution is said to be unstable.

Example 9.5. Suppose the price P = P(t), the demand D = D(t) and the supply S = S(t)
of a certain commodity, is governed by the following model:

D=a—bP
S=a+pP
P=XD-2S5)

where a, b, 8 and \ are constants. Find P as a function of ¢t.

Solution.
Combining, we get

P

D - 5)
A(a—bP) — (a + BP))
AMa—a)=Ab+B)P

This gives _
P+ Ab+B)P=Xa—«)
which is linear with constant coefficients. Thus the general solution is

P=CeMbat L 270
b+
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Example 9.6. Assume

D = 5000 — 4P
S =1000 + 6P
P=0.5(D—S)

and that P(0) = 900. Find P(0.5).

Solution.

P =0.5(5000 — 4P — (100 + 6P))
= 0.5(4000 — 10P) = 2000 — 5P
Thus we get the linear first order equation
P + 5P = 2000.
Multiplying with the integrating factor e®, we obtain
Ped + Ped . 5 = 2000e”.
Thus we have

d
a(Pefﬂﬁ) = 2000

and integrating, we obtain
1
Pe = 2000 / ePtdt = 20003e5f + C = 400" + C.
Multiplying with e =5, we get
P =400 + Ce™

as the general solution.
We have that
P(0) =400 + Ce 5% = 400 + C = 900 = C = 500.
Thus we obtain the particular solution
P(t) = 400 + 500e ",

From this we get P(0.5) = 400 + 500e =505 = 441. 04.

We now consider linear first order equations with non-constant coefficients.

Proposition 9.7. The equation
+a(t)r =0b(t)
has integrating factor
ef a(t)dt.

Before we give a general formula for the solution of &+ a(t)x = b(t), we find the solution
in some examples.

Example 9.8. Find the general solution of
T — 2tx =t.
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Solution.
We have

/72tdt =—t’+C

so the integrating factor is et Multiplying with the integrating factor, we obtain

ge " + a:e*tz(—Qt) =te "’
Thus we have d
i(e_ﬂx) =te .
We integrate to obtain
e Vr= /te_tzdt.
To calculate the integral fte*tzdt we substitute u = —t2. We obtain that %% = —2¢ or
}2du = tdt, so we have
1 1
/te_tzdt = /e“(TZ)du = —56“ +C
—¢2
=——e "' +C
We have 1
e Vg = —3¢ [NYe)
which we multiply with et” to obtain
1 2
= —— C ¢
T 5 + Ce

as the general solution.

We also consider an example where we find a particular solution.

Example 9.9. Solve the initial value problem:

i+3%z=e", 2(0)=2.

Solution.
We have [ 3t2dt =13+ C, so et’ is an integrating factor. Multiplying the equation by this,
we obtain . s .

el 4 zet (3tP) =e et = 1.

So we have that J
%(meﬁ) =1.

Integrating, we obtain
e’ :/dt:t+C’.

tS
, we get

Multiplying with e~
xr=(t+ C)e_tg
as the general solution. To find the particular solution, we have that
z(0)=(0+C)e’ =C=2.
So
z(t) = (t+2)e
is the particular solution.

We have the following general formula.
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Proposition 9.10. The differential equation
4 a(t)z = b(t)

has the general solution

x(t) = e*fa(t)dt(c + /b(t)ef a(t)dtdt).

9.2. Exact equations. We now look at another class of differential equations where
we can find solutions.

Definition 9.11. The first order differential equation
f(t,z) + gt 2)z =0

is said to be exact if

af _ 9y

dr ot

Example 9.12. Determine which of the following equations are exact.
(1) 1+ ta® + 22 =0
(2) 1+ (t+22)z=0

Solution.
(1) We identify the equations as f(t,z)+g(t,z)i = 0 with f(¢,z) = 1+tz? and g(t, z) = t?.
We have

of _

ox

This shows that the equation is exact.
(2) We identify the equation as f(t,x) + g(t,z)& = 0 with f(t,z) =1 and g(¢,2) =t + 2.

We get
of _ g9
%—Oanda—l

This shows that the equation is not exact.

2t and@ = 2tx
ot

The reason that we may find solutions to exact differential equations is that when

% = %, we can find a function A(t, z) such that

oh oh

E:fand%:

g.
For such function h = h(t,z), and = z(¢) a function of ¢, we get by the chain rule

d Oh _ Ohdx

@) =5+ g
= f(t7$) +g(t,x)9’c =0.

Thus the solution is given by
h(z,t) =C.

Let us consider an example.
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Example 9.13. Let h(z,t) =t + 2t?22. Then we get

d h h dx

9 (ha, 1) = T 4 022

=1+ tz? + t?zd.
This means that the exact equation
1+tz? + t2zd =0
has solution .
h(z,t) =t+ 5t*2* = C

which defines x implicitly as a function of ¢.

The procedure for solving an exact first order differential equation, is to find a function
h(t,z) such that
oh oh
- = d P
or gy =Y
This can always be done, and we indicate how in an example.

Example 9.14. Verify that
14+32%¢ =0
is exact and solve it.

Solution.
We identify 1 + 3z%% = 0 as f(t,2) + g(t,x)& = 0 with f(t,r) = 1 and g(t,z) = 322. We
get

of 99
— =0and = =0.
Ox M ot
We want to find h = h(t, z) such that
Oh Oh
— =1and — = 322
ot~ e T
When we look at g—; = 322, we see by integration that
h =3+ a(t)
where a(t) is an expression involving ¢ and not z. From this expression for h, we get
oh
— =0+a(t
5 — 0t a(®)
Thus we get that /() = 1 and by integration we have that
a=t+C
where C is a constant. So
h=2*+t+C.
The equation may now be written as
dh
= =0,
dt

so we obtain
P rt=0C = 2(t)=VC —t
as the general solution.
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10. Second-order differential equations

Reading. This lecture covers topics from Sections 6.1, 6.2 and 6.3 in FMEA [2]. You
should also read Section 5.7, but due to time constraints, this material will not be lectured.

10.1. General second order differential equations. Second order differential equa-
tions are equations in an unknown function relating the function to is derivatives of the
second and the first order.

Definition 10.1. A second order differential equation is one that can be written
&= F(t,x, )

where F' is a function in three variables.

Some second order differential equations are easy to solve.

Example 10.2. Find all solutions of
=1,

Solution.
From # = 1 we obtain that

T = /1dt =t+C4
where (' is a constant. From & = 1 we obtain that

m:/(t+cl)dt:%t2+clt+cz

where C5 is a constant.

Some second-order equations can be transformed into first-order equations by a substi-
tution.

Example 10.3. Solve the differential equation
a8 = a8 4= i



Solution.
If we substitute u = &, we get & = & and the equation becomes

u=u+t
This is a linear first-order differential equation and may be written
u—u==t.

t

An integrating factor is e~*, and multiplying with this the equation becomes

d
et tue (1) =te !t & a(ue*t) =te!

Integrating, we obtain
ue”t = /te*tdt =—tet—et+C.

Multiplying the equation by e!, one obtains
u=t—1+ Cye’.
In other words, we have
t=t—1+ Cye.
Integrating we get,
= —%tQ —t+Ciet + Oy

as the general solution.

10.2. Linear homogenous second-order differential equations. We now turn to
linear second-order differential equations.

Definition 10.4. A linear second-order differential equation is one that can be written as
&+ a(t)t+b(t)x = f(t)

where a(t), b(t) and f(t) are functions of ¢. The equation is said to be homogenous if

F(t) = 0.

Example 10.5. Consider the differential equation

(6) Z—5&+6x=0
and let
 5+VB?—4-6 541 [ 8=3
" 2 — g { i_o
be a solution of
r? —5r+6=0.
Show that
T=¢"
is a solution of @
Solution.
From z = e we obtain & = ™ - r = re™ and # = re™ - r = r2e"t. Substituting this into

the left hand side of the differential equation, we obtain
& — 53 + 62 = r2e" — 5re™ + 6e™ = e (r? — 5r + 6)
Thus we see that this is equal to zero if and only if
r? —5r+6=0
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Definition 10.6. Let
(7) Z+ar+br=0
be a second order linear differential equation with constant coefficients. The quadratic

equation
r>+ar+b=0

is called the characteristic equation of .

Recall that a quadratic equation 72 +ar +b = 0 has a solution if and only if a? —4b > 0,
and that in this case, the solution is given by

—a++vVa? —4b
—

Proposition 10.7. If z1(t) and z2(t) are two solutions of
T+ar+br=0
then for general constants A and B

x(t) = Azq(t) + Baa(t)

is also a solution.

PROOF. From z(t) = Az (t) + Bxa(t) we obtain & = Ady + Bis and & = Aiy + Bis.
Substituting this into the left hand side of the equation, we get

I+ at + br = (A% + Bis) + a(Azy + Bis) + b(Axy + Bxo)
= A(Il + (Iﬂbl + bl‘l) + B(l‘g +(1I.2 + bl‘g)
=A-0+B-0=0
O

Using this proposition and reasoning as in the example above, one can prove the fol-
lowing theorem.

Theorem 10.8. The general solution of
T+at+br=0

is:

(1) If the characteristic equation has two distinct roots r1 # ro:
x(t) = Ae™' + Be™!
(2) if the characteristic equation has one real root r:
z(t) = (A + Bt)e™
(3) if the characteristic equation has no real roots:

z(t) = e**(Acos Bt + Bsin j3t)

where o = —%a and 8 = /b — +a?.

We consider an example.

Example 10.9. Find the general solution of
Z—T¢+12x = 0.
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Solution.
The characteristic equation is
r2—Tr+12=0
which has the solutions » = 3 and r» = 4. Thus the general solution is

z(t) = Ae3 + Be'.

10.3. Non-homogenous linear second-order differential equations. We now
turn to non-homogenous linear second-order differential equations.

Proposition 10.10. Assume that z,(t) is any solution of

(8) i+ at+br = f(t)

where f(¢) is a function of ¢. Then the general solution of (8]) is given as
2(t) = on(t) + 2p(1)

where z,(¢) is the general solution of the homogenous equation

T+ ax+bx=0.

Example 10.11. Show that z,(¢) =t is a solution of
Z—T+ 120 =12t -7

and find the general solution of the equation.

Solution.
From x,(t) = t, we get &, = 1 and &,(¢) = 0. Substituting this into the left hand side of
the equation, we obtain

Tp—Tip+ 122, =0—-7-14+ 126 =12t - 7.

This shows that x,(t) =t is a solution of & — 7¢ + 122 = 12t — 7. The general solution of
the homogenous equation
-7+ 122z =0
was found to be
zu(t) = A3 4+ Bett.
From the Proposition, the general solution of & — 7 + 12x = 12t — 7, is
z(t) = xp + a2 = t + Ae® + Be''.

To solve a non-homogenous equation on the form

¥+ ai+br = f(t)

we will try to find on a particular solution and then add with the general solution of the
homogenous equation. It is not always easy to find a solution of the non-homogenous
equation. We will have to relay on some kind of guessing. We will guess that the equation
has a solution of the same form as f(t).

Example 10.12. Find the general solution of
& — 4+ 4z =2 + 2.
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lution.
;(i)r:‘r jve try to find a particular solution of the equation. Since f(t) = 2>+ 2 is a polynomial
of degree 2, we seek a solution on the form
z, = At + Bt + C.
From this we get &, = 2At 4+ B and &, = 2A. Substituting this into the left hand side of
the equation, we get
iy — 4dp +4da, = 2A — 4(2At + B) + 4(At? + Bt + C)
= 4At* + (4B — 8A)t + (2A — 4B + 4C)
equating this to t2 + 2, we obtain
4A =1, 4B—-8A=0and 2A —-4B+4C =2.

FromthisweobtainA:i,B:2A:%andC’:lflA+B:lfl~%+%:z.Thus

272
we have a particular solution

1, 1.7
t) = -t —t 4 —.
zp(t) 1 +2 +8

To find the general solution, we find the general solution of the homogenous equation
T —4r +4x = 0.

This has r? — 4r + 4 = 0 as characteristic polynomial. The only solution is r = 2, so the
general solution of the homogenous equation is

o, (t) = (A + Bt)e*.

Thus the general solution is

1 1,7
r(t) =2y + a3 = Zt2 +3ttgt (A + Bt)e*.

Example 10.13. Find a particular solution of

F— Tk + 120 = €%

Solution.
We try to find a solution on the form

z, = re*.
We get

Tp = 2re?t — Tp = 4re®t,
substituting this into the left hand side of the equation, gives
Bp — Tip + 127, = 4re® — 7 2re + 12 re?
=re?(4—24+12)
= 2re*

From this we see that r = % gives a solution. Thus we have found the particular solution

1
zp(t) = §€2t
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11. Difference equations

Reading. This lecture covers topics from Sections 11.1, 11,2 and 11.3 in FMEA [2].

11.1. First-order difference equations. Difference equations arise naturally in many
contexts.

Example 11.1. You borrow an mount K. The interest rate per period is r. The repayments
are of equal amounts s. Then the outstanding balance b; in period ¢ satisfies

by = (1 aF T)bt —S.
The equality b1 = (1 + r)b — s is an example of a difference equation. It is said to
be a difference equation of first order, since it relates b;y1 to b; and the difference between

the indicesis t+1 —¢ = 1.

Example 11.2. Consider the first-order difference equation

Tyl = 214
and assume that o = 1. Find z3.
Solution.
We have
Ty =1
r1=2x0=2-1=2
To =211 =2-2=4
T3 =29 =2-4=8.
Thus z3 = 8.

Example 11.3. Consider the difference equation
Ti41 = 3-'1516-

Assume that g = 5. Find a formula for ;.

Solution.
We have

370:5
1 =3x9=3-5
ro =32, =3%5

x3=312=3%-5

=35

When we have obtained a formula for z;, we say that we have solved the difference
equation.
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Problem 11.1.
Assume that
Try1 = ATt

Find a formula for z; that is not recursive.

Problem 11.2.
Consider the sequence
1,7,31,128, ...

Find a difference equation that describes this sequence.

Example 11.4. Solve the difference equation

Tip1 =axy +0

Solution.
We have

T1 =axg+0b
zo = axy +b=alary +b) +b=a’xo+ (a+1)b
x3 = ary + b= a(a®zo + (a +1)b) + b = a®zo + (a* +a + 1)b

v =d'wo+ ("M +ad"P - +a+ )b
We know that (geometric series)
1—adl

—a

at71+at72+‘..+a+1:

when a # 0, so we get

1—adt b b
— ot —at _ R
xtfa:coJrl_abfa(xO 1_a)+1_awhena7é0.

In the case a = 0, we get

xe=x9+(1+1+---+1)b=uxg+1th.

Proposition 11.5. The first order difference equation
Typ1 =azy+0b
has the solution
(1)

b b
1_a)+mWhena#1

ry = a'(zg —

(2)

ry = xg + tb when a = 1.

Using the proposition above, we may find a formula for the outstanding balance in the
first example of this lecture.

Example 11.6. Solve
bt+1 = (]. aF T)bt — S, bo =K.
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Solution.

Using the formula in the proposition with a = 1+ r and b = —s, we obtain
—s -5
b = (1+7)"(bo — +
e = (L47) (b 1—(+r)) 1—(147)

— )K=+

We consider the following problem.

Problem 11.3.
Solve

1
Tyl = §It+1, $0:6

and find lim;_, o z¢

11.2. Second-order difference equations. In a second-order difference equation
some variable z; depending on discrete time, is related to ;1 and z;_».

Definition 11.7. A second order difference equation can be written as

xt+2:f(t,xt,xt+1), t:O,l,Q

Try to solve the following problem.

Problem 11.4.

Consider the sequence and find the next term:
(i) 1,3,4,7,11,...

(ii) 2,3,4,4,0,...

Some second-order difference equations are easy to solve.

Proposition 11.8. The general solution of
ZTiro + axpy; +bxy =0 (b#£0)
where a and b are constants, is as follows:
(1) If a® — 4b > 0, then
x; = Art + Brl
where r; and 7o are the two distinct solutions of the characteristic equation r? +
ar+b=0.
(2) If a® — 4b = 0, then
z; = (A+ Bt)rt
where r = —%a is the only solution of the characteristic equation r? 4+ ar +b = 0.

We consider an example.

Example 11.9. Find the general solution of

T2 = 4l‘t+1 — 4l‘t.
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Solution.
The difference equation may be rewritten as

Tiqpo = 4dxp 4 — 4oy = Typo — 4xpq + 42y = 0.
The characteristic equation is
r? —dr4+4=0.
It has only one solution r = 2. Thus we obtain
r, = (A+ Bt)2'

as the general solution.

The solution is general since it contains all possible solutions of the difference equation.
When we specify for instance z¢ and x1, we get a particular solution.

Example 11.10. Find a formula for z; when z;1o = 42,11 — 42, and 29 = 2, 1 = 3.

Solution.

The general solution is

We get 79 = (A+B-0)2° = A =2, and 7y = (A+ B-1)2! =4+ 2B = 3. From this we
obtain 2B =3—-4=—-1and B = —%. Thus we have

1
= (2— 51&)2t =2t _qot=t,

We consider another example.

Example 11.11. Find the general solution of

Ti42 = Te41 + Tt

Solution.
The equation can be rewritten as

Ti42 = Ti+1 + Tt = Tipo — Tegp1 — ¢ = 0.

The characteristic equation is
r?—r—1=0.

- % 5 and ro = % + %\/5 The general solution is thus given as

xt:A(;—;ﬁ>t+B<;+;f5>

The solutions are r; = %

t

Example 11.12. Find the solution of
Ti4o = Te41 + Tg

with zg = 1 and z; = 3.
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Solution.
We have found the general solution

%:A(;_R@f+3(;+hﬁ)

t

2 2
We get
0 0
1 1 1 1
=Al=-—-= BlZ4+Z=
Zo (2 2\/§> + (2—1-2 5)
and
11 ! 1 1 !
(E1:A<2—2\/5> +B<2+2\/5)
A 1-—A
=50 =Vh)+——(1+V5) =3
We obtain
A:li\/gandB:1+\/g.
2 2
Thus

1

11 t+l 11 s
=(=-= B(=4+- .
T (2 2\/5) + <2+2\/S>

It is interesting to note that although the formula contains fractions and square roots,
x; is always an integer.

Example 11.13. Consider the following system of difference equations:
Tyl = Ty + 294
Y1 = 3wy

with g = 1 and yo = 0. Derive a second order difference equation for x; and solve this
equation and the system.

84



12. More on difference equations

Reading. This lecture covers topics from Sections 11.3 and 11.4 in FMEA [2].

12.1. Non-homogenous second order difference equations. We start by review-
ing how to solve second order homogenous difference equations.

Problem 12.1.
Find the general solution of the following homogenous difference equation:

Tipo +2xi41 +x4 =0

We now turn to non-homogenous equations.

Theorem 12.1. The general solution of the non-homogenous difference equation
(9) Tgao + axiy1 + by = ¢ (b#£0)
can be found as
Ty = a:gh) + xﬁp)
(h)

where ;" is the general solution of the corresponding homogenous equation x4+ a1+

bz, = 0 and where xﬁp ) is any particular solution of (9).

We consider some examples.

Example 12.2. Find the general solution of

Ty + 22441 + 24 = 5.

Solution.
The general solution of the homogenous equation is

2" = (A+ Bt)(-1)"
We find a particular solution by using the method of undetermined coefficients: We guess
on a solution on the form
chp ) =¢
for some constant c. Substituting into the left hand side of the equation, we obtain
aﬁg_)g +2x§1j_)1 +x§”) =c+2c+c=4c

Thus we see that 4c = 5 and hence ¢ = % ‘We obtain

and 5
= (A+ Bt)(-1)" + 1

You should try to solve the following problem.

Problem 12.2.
Find the solution of
T4 — 7l‘t+1 + 12.’17,5 =1

that satisfies xg = 0 and x7 = 0.

We also consider an example where the right hand side is non-constant.



Example 12.3. Find the general solution of

Tt4+2 — 5It+1 = 6$t = 4t

Solution.
We first find the general solution of the homogenous equation:

2 —5r4+6=0
gives 7 =2 or r = 3. Thus
z" =A-2'+ B3
We seek a particular solution on the form
xgp ) =c. 4t
Substituting this into the left hand side of the equation, we obtain
x%TQ - 5x§i)1 + Gxgh) = 42 — 54t 1 6edt
= 16c4" — 20c4" + 64’
= 2c4!
1

To have a solution, we get 2¢c = 1. Thus ¢ = % and 2

) _
X =
then

1.4, The general solution is

xt:A~2t+B-3t+%-4t

In the final example, we briefly consider the asymptotic behavior.

Example 12.4. Find the general solution of
1
Tiyo + Te41 + Z_th =0

and find lim;_, o 2+

Solution.
The characteristic equation

rz—i—r—i—l—O
i

has the single solution r = —%. Thus
v = (A+1B)(—3)
We get that
Jim = Jim (4+tB)(—5)' =0
since it is known that lim;_, t"a’ = 0 for any n and a with |a| < 0.

We have the following definition:

Definition 12.5. The difference equation
Ti42 + AT¢41 + b.’Et = C¢ (b 7& 0)
is said to be globally asymptotically sable if

lim :cgh) =0.
t—o0
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Part 2

Exercise Problems with Solutions






CHAPTER 2

Exercise Problems

This chapter contains exercise problems for GRA6035 Mathematics. Each section con-
tains exercise problems for the corresponding lecture in Chapter 1. Some of the problems
are from EMEA [3] and FMEA [2], and are labeled accordingly. Solutions to all exercise
problems are given in Chapter 3.
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— Exercise Problems —
0. Review of matrix algebra and determinants

Problem 0.1.
Let

2 3 2 6 10
A= (3 0)m=(30)man=(g 1)

Compute 4A + 2B, AB, BA, Bly and I, A

Problem 0.2.
A general property of matrix multiplication states that (AB)T = BT AT. Prove this for
2 X 2-matrices.

Problem 0.3.

Simplify the following matrix expressions.

(a) AB(BC —CB) + (CA—- AB)BC + CA(A - B)C
(b) (A—B)(C—-A)+(C—B)(A-C)+ (C - A)?

Problem 0.4.
Let
1 20 4 0 0 1 00
A=10 3 1 |,B=|7 8 1 JandI3=| 0 1 0
1 21 0 0 1 0 01
(1) Compute A+ 3B, AB, BA and A(I3B).

(2) Compute the determinants |A|, |B|, |AB| and |BA|. Verify that |A||B| = |AB| =

|BA|.
(3) Compute |A| using two different cofactor expansions, and verify that you get the

same result.
(4) Verity the following:

(a) (AT)T = A

(b) (A+B)T = AT 4+ BT

(c) (34)T =34T
(d) (AB)T = BT AT

Problem 0.5.

A general m x n-matrix is often written A = (ai;)mxn Where a;; is the entry of A at row
i and column j. Assume that m = n and a;; = a;;. Explain that A = AT. Give a concrete
example of such matrix, and explain why it is reasonable to call a matrix with the property
that A = A7, for symmetric.

Problem 0.6.
Let D be the matrix
2 0 0
D= 0 -3 0
0 0 -1

Compute D?, D? and D™.
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Problem 0.7.
Show that the following system of linear equations

3x1 +x2 +5x3 =4
5.’E1 —3.’E2 +2£L’3 =-2

4561 - 3932 — X3 = -1
can be written as
Ax=Db

where

3 1 5 T 4

A= 5 -3 2 , x=| a9 and b= | -2

4 -3 -1 T3 -1

Problem 0.8.

(EMEA section 15.3, ex. 3) Initially, three firms A, B and C (numbered 1, 2 and 3) share
the market for a certain commodity. Firm A has 20% of the marked, B has 60% and C has
20%. In course of the next year, the following changes occur:

A keeps 85% of its customers, while losing 5% to B and 10% to C
B keeps 55% of its customers, while losing 10% to A and 35% to C
C keeps 85% of its customers, while losing 10% to A and 5% to B

We can represent market shares of the three firms by means of a market share vector,
defined as a column vector s whose components are all nonnegative and sum to 1. Define
the matrix T and the initial share vector s by

0.85 0.10 0.10 0.2
T=1 005 055 0.05 ands=| 0.6
0.10 0.35 0.85 0.2

The matrix T is called the transition matriz. Compute the vector T's, show that it is also
a market share vector, and give an interpretation. What is the interpretation of T?s and
T3s?
Let

0.4

q=1| 0.1

0.5

Compute T'q. Give an interpretation.

Problem 0.9.
Let A and B be 3 x 3-matrices. Assume that |A| =2 and |B| = —5.

(1) Find |AB|, | — 3A| and | — 2A7T].
(2) Let C be the matrix obtained from B by interchanging two rows. Find |C].

Problem 0.10.

Compute
3 1 5
9 3 15
-3 -1 -5

by using that the determinant is unchanged when adding a multiple of one row to another.
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Problem 0.11.
(EMEA 16.4.11) Without computing the determinants, show that
2

b? 4 2 ab ac 0 ¢ b
ab a?+ 2 be =lc¢c 0 a
ac be a® + b? b a 0

Problem 0.12.
On a matrix A one may perform one of the following elementary row operations:

(1) Interchange two rows.

(2) Multiply a row by a nonzero constant.

(3) Add a multiple of one row to another row.
If A and B are matrices of the same size such that we can obtain B from A by a succession of
elementary row operations, we say that A and B are row equivalent. This is often denoted
A~ B.
Show that A and B are row equivalent.

1 2 3 1 2 3
(a)A=(1 2 3 JandB=| 0 0 O
1 00 1 00
1 2 3 1 2 3
b)A=]| 2 4 6 |andB=| 0 0 O
1 0 0 2 00
1 2 3 1 0 0
(c)A=|1 3 3 JandB=[ 0 1 O
2 5 7 0 0 1
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— Exercise Problems —
1. The inverse matrix and linear dependence

Problem 1.1.
Determine which of the following matrices are invertible. For each invertible matrix, find
the inverse using the formula for 2 x 2-matrices.

1 3 1 3 1 2
1 3)’\ -1 3)’V0 1 )"
Problem 1.2.

If A= (aij)nxn is an n x n-matrix, then its determinant may be computed by
|A| = a11 411 + a12A12 + - + a1n A1y

where the cofactor A;; is (—1)**7 times the determinant obtained from A by deleting row
i and column j. This is called cofactor expansion along the first row. Similarly one may
compute |A| by cofactor expansion along any row or column.

Let

First calculate |A] using cofactor expansion along the first column, and then calculate |A|
again using cofactor expansion along the third row. Check that you get the same answer.
Is A invertible?

Problem 1.3.
Let

Compute the cofactor matrix cof(A), the adjoint (adjugate) matrix adj(A) and the inverse
matrix A~L. Verify that Aadj(A) = |A|I3 and that AA~! = I5. Answer the same questions
for

1 0 b
B=1010
0 01

where b is any number.

Problem 1.4
Solve the linear system of equations

51+ x2 =3
21’1—1’2:4

by writing it on matrix form Ax = b and finding A~1.
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Problem 1.5.
(FMEA 1.2.2 (1. ed.), 1.9.2 (2. ed.)) Compute the following matrix product using parti-
tioning. Check the result by ordinary matrix multiplication.

() [0
B BtV o

Problem 1.6.
(FMEA 1.3.1 (1. ed.), 1.2.1 (2. ed.)) Express ( g ) as a linear combination of ( ? ) and

< _31 > . Draw the three vectors in the plane.

Problem 1.7.
(FMEA 1.3.2 (1. ed.), 1.2.2 (2. ed.)) Determine which of the following pairs of vectors are
linearly independent:

@ () (%) o (2)(3) o(3)(4)

Draw the vectors in (a) in the plane and explain geometrically.

Problem 1.8.
(FMEA 1.3.4 (1. ed.), 1.2.4 (2. ed.)) Prove that (1,1,1), (2,1,0), (3,1,4) and (1,2,-2)
are linearly dependent.

Problem 1.9.

(FMEA 1.3.5 (1. ed.), 1.2.5 (2. ed.)) Assume that a, b and c are linearly independent
vectors in R™, prove that a4 b, b + ¢ and a + c are linearly independent. Is the same true
ofa—b,b+cand a+c?

Problem 1.10.
Prove that n vectors, vy, va,..., v, in R™ are linearly dependent if and only if at least one
of the vectors can be written as a linear combination of the others.
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Problem 1.11.
Recall the three elementary row operations:
(1) Interchange two rows.
(2) Multiply a row by a nonzero constant.
(3) Add a multiple of one row to another row.
There is an efficient way of finding the inverse of a square matrix using row operations.
Suppose we want to find the inverse of

1 2 3
A= 1 3 3
2 5 7

To do this we form the partitioned matrix [A|I]:

1 2 3|1 00
1 3 3|0 1 0
2 5 70 01

We saw in a problem last week, that A was row equivalent to the identity matrix. We now
perform the needed row operations. First we take (—1) times the first row and add it to
the second row:

1 231 00
01 0]-1 10
2 5 7,0 01
Then we take (—2) times the first row and add it to the last row:
1 2 3] 1 0O
01 0|]-1 10
01 1|-2 01

Take (—1) times the second row and add it to the third:

1 2 3] 1 0 O
01 0-1 1 O
00 1(-1 -1 1

Take (—3) the last row and add it to the first:

1 2 0] 4 3 -3
01 0-1 1 0
00 1|-1 -1 1

Take (—2) times the second row and add it to the first.

1 0 0] 6 1 -3
01 0-1 1 0
00 1|-1 -1 1

We now have the partitioned matrix [I|A~!] and thus

6 1 -3
At=[ -1 1 o0
-1 -1 1
Use the same technique to find the inverse of the following matrices:
010 2 00 1 11 310
(a) 1 00 (b)y{ 0 3 0 (c)f 0 1 1 (df o 10
0 0 1 0 0 1 0 0 1 0 0 2
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— Exercise Problems —
2. The rank of a matrix and applications

Problem 2.1.
Write the following systems of linear equations as a vector equation and then as a matrix
equation. Write down the coefficient matrix and the augmented matrix for each system.

(1)

3LL‘1 —Ir3 = 0
—5%1 +2.’E2 +12!II3 = 0
65(]2 —5.’)33 = 0
(2)
511 —6x3 +3x4 = 0
—2x1 —10xy +T7x3 = 0
211 —5x3 +5r4 = 0
Problem 2.2 (FMEA(2ed) 1.2.3 / (1ed) 1.3.3).
Prove that the vectors
1 2 0
ol, (1], [1
1 0 1
are linearly independent.
Problem 2.3.
Describe all minors of the matrix
1 0 2 1
A= 0 2 4 2
0 2 2 1
Problem 2.4 (FMEA(2ed) 1.3.1 / (1ed) 1.4.1).
Determine the ranks of the following matrices:
1 2 -1 3
(a) (; 126> () G ; ‘f) ol2 4 -4 7
-1 -2 -1 =2
1 3 0 0 2 1 3 7 ; _12 _11 !
df2 4 0 —1 e)| -1 4 3 1 N 11 -1 _3
1 -1 2 2 3 2 5 11 9 _5 _92 0
Problem 2.5 (FMEA(2ed) 1.3.2ab / (1ed) 1.4.2 ab).
x 0 22-2 t+3 ) 6
()| 0 1 1 o -1 t-3 -6
-1 z x-1 1 1 t+4

Problem 2.6 (FMEA(2ed) 1.3.3 / (1ed) 1.4.3).
Give an example where rk(AB) # rk(BA). (Hint: Try some 2 X 2 matrices).
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Problem 2.7.
Using the definition of rank of a matrix, explain way m vectors in R™ must be linearly
dependent if m > n.

Problem 2.8.
Show that

and

S
_— o = O

are linearly independent by computing a 2 x 2-minor.

Problem 2.9 (FMEA(2ed) 1.4.1 / (1ed) 1.5.1).
Use minors to determine if the systems have solutions. If they do, determine the degrees of
freedom. Find all solutions. Check the results.

(a) —2x1 — 3xy + r3 = 3
4y + 6y — 223 = 1
®) T 4+ T2 — T3 + x4 = 2
201 — X9 + x3 — 3xy = 1
xr, — To + 2x3 + gy = 1
(C) 21‘1 + Tro — r3 + 31’4 = 3
r1 + Sr9 — 8xz3 + x4 = 1
4ry + Bxrg — Txz + Txy = 7
X1 + To + 2I3 + Ty = 5
(d) 2z + 3z — 23 — 2x4 = 2
4r1 + DbBxa + 3x3 =7

Problem 2.10 (FMEA(2ed) 1.4.3 / (1ed) 1.5.3).
Discuss the number of solutions of the following system for all values of a and b:

r + 2y + 3z =1
- + ay — 21z = 2
3r + 7y + az = b

Problem 2.11 (FMEA(2ed) 1.4.4 / (1led) 1.5.4).

Let Ax = b be a linear system of equations in matrix form. Prove that if x; and x5 are
both solutions of the system, then so is Ax; + (1 — A)x2 for every real number A. Use this
fact to prove that a linear system of equations that is consistent has either one solution or
infinitely many solutions.

Problem 2.12 (FMEA(led) 1.5.5a).
For what values of the constants p and ¢ does the following system have a unique solution,
several solutions, or no solutions?

1 + a2 4+ x3 = 2q
207, — 3z + 2x3 = 4q
3z; — 22 + pr3s = ¢
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Problem 2.13 (FMEA(2ed) 1.4.6ab / (1ed) 1.5.7ab).
Let A; be the matrix given by

1 3 2
A=12 5 ¢t
4 7T—t —6

(1) Find the rank of the matrix A; for all real numbers ¢

(2) When ¢t = —3, find all vectors x that satisfy the vector equation A_3x = (121 )

Problem 2.14 (Optional).
Let a and b be column vectors of the same size. The scalar product a and b of is defined
as

a-b=a’b
Compute a - b.
(a)a:(_l)andb=(2).
2 2
-2 1
(b) a= ; and b = g
1 1
Two vectors a and b are said to be orthogonal if a-b = 0. Determine if a and b are
orthogonal.
-2 1
(c)a= 1 and b= [ 2
2 0
A set of n vectors ay,...,a, are said to be orthogonal if a; - a; = 0 whenever ¢ # j.
(d) Show that the following vectors are orthogonal:
1 0 0
a; = 0 , a2 = 1 ,ag = 0
0 0 1
(e) Show that if ay, ..., a, are orthogonal (and nonzero), then they are linearly independent.

Problem 2.15 (Optional).

The norm (or length) of a vector a is defined as |a] = v/a - a. In a is a 2-vector represented
by an arrow in the plane. Explain why it is reasonable to call this the length of the vector
a.
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Problem 2.16 (Optional).
A theorem states that for a matrix A then

r(A) = r(AT A).

(The matrix AT A is called the Gram matrix of A.) Use this theorem to find the rank of
the following matrices:

1 2
2 4
() A=1 5 &
4 8
1 2
byA=1| 2 -1
3 6
Assume that A is an m x n matrix. The set of n-vectors such that Ax = 0 is called the null
space of A.

(c) Prove that the null space of AT A is equal to the null space of A.
(d) Assume that A is an m x n matrix with m < n. Prove the following special case of the
formula 7(A) = r(AT A): The rank of A is less than m, then |[AT A| = 0.
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Problem 2.17.
The most efficient way of computing the rank of a matrix is usually to reduce the matrix
with elementary row operations. Recall the three elementary row operations:

(1) Interchange two rows.
(2) Multiply a row by a nonzero constant.
(3) Add a multiple of one row to another row.

Assume we which to find the rank of a matrix A, say

1 -2 3 4 2
A= 1 1 -2 -4 1
2 -1 1 0 3
One first reduce the matrix A to a matrix on row echelon. Step 1: One starts with the left
most nonzero entry in the matrix and move the row it sits in to the top. In our particular
example this is already done for us. Step 2: We make this into a 1 by dividing (again this
is not necessary in our example). The we use the first row to obtain zeros in the column.
In our example we take (—1) times the first row and add to the second row

1 -2 3 4 2
0 3 -5 -8 -1
2 -1 1 0 3

Then we take (—2) times the first row and add it to the last row:

1 -2 3 4 2

0 3 -5 -8 -1

0 3 -5 -8 -1
Step 3: Now we forget about the first row in the matrix, and use step 1 and 2
on the remaining matrix:

1 -2 3 4 2

0 3 -5 -8 -1

0 3 -5 -8 -1
We thus make 3 into a 1 by multiplying the row with %:
1 -2 3 4 2
01 3
0 3 -5 -8 -1

Then we take —3 times this row and add to the last row:

1 -2 4 2

—5 8 8
0 1 =5 -3 —3
0 0 0

This is a matrix on row echelon form.
(Actually it is not strictly necessary to divide by 3. One could proceed from

1 -2 3 4 2
0 3 -5 -8 -1
0 3 -5 -8 -1
by take 1 times the second tow and add it to the last to obtain

1 -2 3 4 2
0 3 -5 -8 -1
0 O 0 0 0

The rank of A is the number of non-zero rows in the row echelon form of A. Thus the rank
of Ais 2.
Compute the rank of the matrices in Problem 4, using this method.
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— Exercise Problems —
3. Eigenvalues and diagonalization

Problem 3.1.
Find the eigenvalues of the following matrices:

(3 5) @(hs) o)
0
0
4

2
1 -1
(4) (5) 1 1
0 -2

O O N
S w o
N O N

Problem 3.2.
Find the eigenvectors corresponding to each eigenvalue for the matrices in the previous
problem.

Problem 3.3.

(FMEA 1.5.7 in the second edition and 1.6.3 in the first edition.) Suppose that A is a
square matrix and let A be an eigenvalue of A. Prove that if |A| # 0 then A # 0. In this
case show that % is an eigenvalue of A~ 1.

Problem 3.4.
Let
1 18 30
A=| -2 —-11 -10
2 6 5
-3 ) 3
Verify that 1 , 0 and -1 are eigenvectors for A and find the corre-
0 1 1

sponding eigenvalues.

Problem 3.5.
For the matrix

a=(3 %)

in Problem 1, find an invertible matrix P such that D = P~'AP is diagonal.

Problem 3.6.
Show that the matrix

w Ot
N———

is not diagonalizable.
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Problem 3.7.

Initially, two firms A and B (numbered 1 and 2) share the market for a certain commodity.
Firm A has 20% of the marked and B has 80%. In course of the next year, the following
changes occur:

A keeps 85% of its customers, while losing 15% to B
B keeps 55% of its customers, while losing 45% to A

We can represent market shares of the two firms by means of a market share vector, defined
as a column vector s whose components are all nonnegative and sum to 1. Define the matrix
T and the initial share vector s by

0.85 0.45 0.2
r= ( 0.15 0.55 > and s = < 0.8 )
The matrix T is called the transition matriz.

(1) Compute the vector T's, and show that it is also a market share vector.
(2) Find the eigenvalues of T' by solving the characteristic equation.

(3) Show that
0.75 d 1
025 ) M4\ 1
are eigenvectors for 7.
(4) Write down a matrix P such that
D=P7'TP
is diagonal.
(5) Show that 7" = PD"P~!. Compute lim,,_,, D™ and use this to find lim,, o, 7™s.

(6) Explain that the we will approach a situation where A’s and B’s market shares
are constant. What are these shares.
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Problem 3.8.
Answer the following multiple choice questions.
Question 1

Assume that A is an n x m-matrix and that B is an ¢ X s-matrix.

When is the product AB defined?

The product AB is defined only when m = t.

The product AB is defined only when A and B are square matrices.

The product AB is defined only when s = m and in this case AB is an n X s-matrix.
The product AB is defined when A and B are square matrices, but AB need not
be a square matrix.

E. I prefer not to answer.

oSawr

Question 2

Assume that A is a 3 x 3-matrix, and that u, v and w are vectors such that Au = 0,
Av =2v and Aw = 2w.

Can we conclude that A is diagonalizable?

Yes.

No, because u is not an eigenvector.

No, because A has only one eigenvalue.

No, because u, v and w need not be linearly independent.
I prefer not to answer.

=O QW=

Question 3

Let
1 0 0 0 0
A: 0 1 2 , U= —2 , V= ]_
1 0 0 1 0

Are u and v eigenvectors for A7

Yes, u and v are eigenvectors for A.

No, only v is an eigenvector for A.

No, only u is an eigenvector for A.

No, neither u nor v is an eigenvector for A.
I prefer not to answer this question.

=OQw>

The following problems are optional.
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Problem 3.9.
A system of linear equations can be solved using row reductions. Consider for instance:

Ty 4+ T2 + 223 + x4 = 5
200 + 3x9 — x3 — 2x4 = 2
4r1 + bxe + 3x3 = 12

This system has the augmented matrix
11 2 1 5

)
w
|
_
|
N
)

Ap =
4 5 3 0 12

(a) Show that Ay, can be reduced to

1
0
00 0 0 O

— =
o
ot
[ =
S~
[
co

using row reductions.
(b) Using one more elementary row operations show that it can be reduced to

10 7 5 13

01 -5 —4 -8

00 0 0 O
This matrix is on so-called reduced row echelon form: In every row the first non-zero entry
is 1 (called leading 1) and this is the only non-zero entry in its column.
(c) The matrix in (b) is the augmented matrix of the following system of linear equations

T1 + Txz3 4+ bzry = 13
To — 51‘3 — 4l‘4 = -8

Since elementary row operation does not change the solutions of a system of linear equations,
this system has the same solutions has the original system. Show that the solutions may
be written as

T 13 -7 -5
To _ -8 5 4
s | = o [ TT o1 [T o
T4 0 0 1

Problem 3.10.
If one whish to find the eigenvectors of a matrix on might have to solve several systems of
linear equations. Use the method indicated in the previous problem when you answer this
problem: Determine if the matrix

4 1 2

A= 0 3 0
1 1 5
d

is diagonalizable, and if this is the case, find a matrix P such that P~' AP is diagonal.
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— Exercise Problems —
4. Quadratic forms and concave/convex functions

Problem 4.1.

(1.8.2 in the first edtion of FMEA and 1.7.3 in the second edtion of FMEA) Write the
following quadratic forms as x7 Ax with A symmetric:

(a) 22 + 22y + o2 (b) ax? + bry + cy? (c) 323 — 2x1w9 + 3z173 + 3 + 323

Problem 4.2.

Write the following quadratic forms as x” Ax and determine the definiteness.
(a) Q(x1,m2,23) = 23 + 323 + 53
(b) Q(z1,22,23) = 23 + 2x122 + 323 + 5l

Problem 4.3.
Let

a b
A=)
be any two by two matrix. Show that the characteristic equation may be written as
A —tr(AN+ A =0

where tr(A) is the trace of A defined as the sum of the elements on the diagonal. Show
that if A; and A2 are the eigenvalues of A, then |A| = A1 Aq.

Problem 4.4.
(2.2.1 in the first edition of FMEA and 2.2.1 in the secon edition of FMEA.) (Do not bother
about strictly convex/concave.)

Problem 4.5.
Draw the line segment

[x,y] = {z: there exists s € [0.1] such that z = sx + (1 — s)y}
in the plane where
(a) x=(0,0) and y = (2,2)
(b) x=(-1,1) and y = (3,4)
Mark the points corresponding to s = 0,1 and % on each line segment.

Problem 4.6.
FMEA 2.2.2 abed

Problem 4.7.
FMEA 2.3.1 (Do not bother about strictly convex/concave.)

Problem 4.8.
Let f be defined for all x and y by f(x,y) =z —y — 22. Show that f is concave.
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Problem 4.9.
Answer the following multiple choice questions.

Question 1

Consider the three vectors

1 2 4
u= -2 1, v= 1 and w = -3
1 3 5

Are the vectors, u, v and w, linearly independent?

A. Yes, u, v and w are linearly independent since cyu + cov+cz3w = 0 has only the
trivial solution.

B. Yes, u, v and w are linearly independent since u is not a linear combination of v
and w.

C. No, u, v and w are linearly dependent since c;u + cov+c3w = 0 has only the
trivial solution.

D. No, u, v and w are linearly dependent since w is a linear combination of u and
V.

E. I prefer not to answer this question.

Question 2

Compute the matrix product
1
( 5 ) (-1 3).

A. The matrix product is not defined.

if it is defined.

B. The answer is 5.

. -1 3

C. The answer is ( _9 6 >
. -1

D. The answer is 6 |-

E. 1 prefer not to answer.

Question 3

Which of the following subsets (in blue/shaded) of the plane is not convex?

C.

D.
E. T prefer not to answer this question.
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— Exercise Problems —
5. The Hessian matrix

Problem 5.1.
Use principal minors to determine the definiteness of the quadratic forms in Problem
1.8.3abd in the first edition of FMEA or Problem 1.7.3abd in the second edition of FMEA.

Problem 5.2.
2.3.3 in the first and second edition of FMEA

Problem 5.3.
2.3.4 in the first and second edition of FMEA

Problem 5.4.
Consider the function

fz,y) = z* + 16y* + 322> 4 8x3y + 242242

Find the Hessian matrix. Show that f is convex.

Problem 5.5.
3.1.1 in the first and second edition of FMEA

Problem 5.6.
3.1.2 in the first and second edition of FMEA.

Problem 5.7.
Consider the function f defined on the subset S = {(z,y, 2) : 2 > 0} of R? by

flz,y,2) =2zy + 2 + y* + 2%

Show that S is convex. Find the stationary points of f. Find the Hessian matrix. Is f
concave or convex? Does f have a global extreme point?

Problem 5.8.
Show that

flz,y,2) =zt 4yt 2?4+ —ay + 2y + 22
is convex.
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— Exercise Problems —
6. Local extreme points and the Lagrange problem

Problem 6.1.
(3.2.1 in both editions of FMEA)

Problem 6.2.
Classify the stationary points of

z

flw,y,2) = —2a® 4+ 152° — 362 + 2y — 3z + / e dt

Yy

Problem 6.3.

(3.2.3 in first edition and 3.2.2 in second edition of FMEA) Let f be defined for all (z,y)
by f(z,y) = «® +y* — 3zy.

(a) Show that (0,0) and (1,1) are the only stationary points, and compute the Hessian
matrix at these points.

(b) Determine the definiteness of the Hessian matrix at each stationary point and use this
to determine the nature of each point.

(c) Use the usual second derivative test in two variables to classify the stationary points.

Problem 6.4.
(3.3.1 in both editions of FMEA)
(a) Solve the problem
max (100 — 22 — y? — 2?) subject to = + 2y + z = a.

(b) Let (z*(a),y*(a), z*(a)) be the maximum point and let A(a) be the corresponding La-
grange multiplier. Let f*(a) = f(z*(a),y*(a), 2*(a)). Show that

o(f(a))

Gy

5a (a)

Problem 6.5.
(3.3.2 in both editions of FMEA)
(a) Solve the problem
max f(z,y,2) = x + 4y + z subject to x? 4+ y* + 2> = by = 216 and z + 2y + 32 = by = 0.
(b) (z*,y*, z*) be the maximum point and let A; and Ay be the corresponding Lagrange
multipliers. Let f* = f(x*,y*,2*). Change the first constraint to 22 + y2 + 22 = 215 and
the second to x +y + 2y + 3z = 0.1. It can be shown that corresponding change in the f*
is approximately equal to

A ADy + Ao Abs.
Use this to estimate the change in f*.

Problem 6.6.
(3.3.3a in both editions of FMEA)
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— Exercise Problems —
7. Envelope theorems and the bordered Hessian

Problem 7.1.
FMEA 3.1.4 (1. and 2. ed.)

Problem 7.2.
FMEA 3.1.5 (1. and 2. ed.)

Problem 7.3.
FMEA 3.3.4 (1. and 2. ed.)

Problem 7.4.
FMEA 3.3.5 (1. ed.), 3.3.6 (2. ed.)

Problem 7.5.
FMEA 3.4.1 (1. and 2. ed.)
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— Exercise Problems —
8. Introduction to differential equations

Problem 8.1.

Find 7.

(a) z = 3t — 342 + 5¢°

b) x = (2t2 - 1)(t* — 1)
= (Int)? —5Int +6

Problem 8.2.

Find the integrals.
(a) [t3dt

b) [ (3 + 15+ Lydt
c) [ 1dt

t

Problem 8.3.
The following differential equations may be solved by integrating the right hand side. Find
the general solution, and the particular solution satisfying x(0) = 1.

(a) & = 2t.

(b) & = €2

(c) & = (2t + 1)et’™+
(d) &= f22—f-l_—i1-1

Problem 8.4.
FMEA 5.1.1 in both editions.

Problem 8.5.
(FMEA 5.1.2 in both editions.) Show that 2 = Ct? is a solution of ti = 2z for all choices
of the constant C. Find the particular solution satisfying x(1) = 2.

Problem 8.6.
FMEA 5.3.1 in both editions.

Problem 8.7.
FMEA 5.3.2 in both editions.

Problem 8.8.
FMEA 5.3.3 in both editions.




The following problems will be discussed at the plenary problem session 22. October.
They are related to the following setup:

gl(xl,...,mn) S bl

maximize f(z1, ...,Z,) subject to :
gm(z1, ... xn) < by
To solve this problem the Lagrangian is defined as before
L(x) = f(x) = A g1(x) =+ = Amgm(x),
and the partial derivatives are set to zero:
oL

0z, =0fore=1,...,n.

In addition we introduce the complementary slackness conditions
Aj>0and \j =0if gj (x) <bj for j=1,...,m.
The first order conditions together with the complementary slackness conditions are of-

ten called the Kuhn-Tucker conditions. In addition to the Kuhn-Tucker conditions, the
constraints must be satisfied.

Problem 8.9.
Maximize the function
flz1,22) = x? —&—x% + a9 —1

subject to g(z1,z2) = 22 + 22 < 1.

Problem 8.10.
FMEA 3.5.1 (1. and 2. ed.)

Problem 8.11.
FMEA 3.5.3 (1. and 2. ed.)




— Exercise Problems —
9. Linear first order and exact differential equations

Problem 9.1.
(FMEA 5.4.1 in both editions.) Find the general solution of & + $2 =
equilibrium state of the equation. Is it stable? Draw some typical solutio

1. Determine the
ns.

Problem 9.2.
FMEA 5.4.2 in both editions.

Problem 9.3.
(FMEA 5.4.4 in both editions.) Find the general solutions of the following differential
equations, and in each case, find the particular solution satisfying x(0) = 1.

(a) x —3x =5
(b) 3 + 22 + 16 = 0
(c) @ + 2z = t?

Problem 9.4.
Problem 5.4.7 in the first edition of FMEA and 5.4.6 in the second edition.

Problem 9.5.

Determine which of the following equations are exact:
(a) 2r+t)t+2+2=0

(b) 2%¢ +2t+2 =0

(c) (t°+ 622)i + (bwt* +2) =0

Problem 9.6.
Solve the exact equations in the previous problem.

Problem 9.7.
FMEA 5.5.1 in both editions.




— Exercise Problems —
10. Second-order differential equations

Problem 10.1.
FMEA 6.1.1ac in both editions.

Problem 10.2.
FMEA 6.1.2 in both editions.

Problem 10.3.
FMEA 6.1.3 in both editions.

Problem 10.4.
FMEA 6.3.1 in both editions.

Problem 10.5.
FMEA 6.3.2bc in both editions.

Problem 10.6.
FMEA 6.3.3 in both editions.

Problem 10.7.
FMEA 6.3.6 in both editions.

Problem 10.8.
6.3.7 in first edition of FMEA and 6.3.8 in second edition.

Problem 10.9.
6.3.8 in first edition of FMEA and 6.3.9 in second edition.




— Exercise Problems —
11. Difference equations

Problem 11.1.
FMEA 11.1.1 in both editions.

Problem 11.2.
FMEA 11.2.1 in both editions.

Problem 11.3.
FMEA 11.3.1 in both editions.

Problem 11.4.
FMEA 11.3.2 in both editions.

Problem 11.5.
FMEA 11.4.1ab in both editions.

Problem 11.6.
FMEA 11.4.5 in both editions.
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— Exercise Problems —
12. More on difference equations

Problem 12.1.
Find the general solution of the difference equation 3z;19 — 122, = 4.

Problem 12.2.
FMEA 11.4.2a in both editions.

Problem 12.3.
FMEA 11.4.7b in both editions.







CHAPTER 3

Solutions to Exercise Problems

This chapter contains solutions to exercise problems for GRA6035 Mathematics. Each
section contains solutions to the exercise problems in the corresponding section in Chapter
2.



— Solutions to Exercise Problems —
0. Review of matrix algebra and determinants

Problem 0.1.
Solution.
2 3 2 6 12 24
4A+QB4(4 1>+2<7 0><3o 4)
2 3 2 6 25 12
AB_(4 1)(7 0)‘(15 24)
2 6 2 3 28 12
BA(? 0)(4 1)(14 21)
BI, = B
LA=A
Problem 0.2.

A general property of matrix multiplication states that (AB)T = BT AT. Prove this for
2 x 2-matrices.

Solution.

A:(ab73:l'y
c d z w

[ a b z y \ _ ([ ar+bz bw+ay
AB = cd)(z w>(cm+dz dw—l—cy>:>

T ar +bz bw+ ay 4 ar+bz cx+dz
cx+dz dw—+cy bw+ay dw+cy

qr_ (@ b T_ a c
“\ec d S\ b d
T

a ¢\ _ ([ ar+bz cr+dz
b d ) \bw+ay dw+cy

Problem 0.3.

Simplify the following matrix expressions.

(a) AB(BC —CB)+ (CA—- AB)BC + CA(A - B)C
(b) (A=B)(C—A)+(C—-B)(A-C)+ (C— A)?




Solution.

(a) AB(BC —CB)+(CA—AB)BC+CA(A—B)C = ABBC — ABCB+CABC — ABBC +
CAAC — CABC

= —ABCB + CAAC = —ABCB + CA%C

(b) (A= B)(C —A)+ (C—B)(A—C) + (C — A)? =

AC — A2 —BC+BA+CA—-C?—-BA+BC+C?-CA—-AC+A?>=0




Problem 0.4.

Solution.
(1)
1 2 0 4 0 0 13 2 0
A+3B=[0 3 1 |+3[ 7 8 1 |=] 21 27 4
1 2 1 0 0 1 1 2 4
1 2 0 4 0 0 18 16 2
AB=1] 0 3 1 7 8 1 |=1[21 24 4
1 2 1 0 0 1 18 16 3
4 0 0 1 2 0 4 8 0
BA=| 7 8 1 0 3 1 ]|=[28 40 9
0 0 1 1 2 1 1 2 1
18 16 2
A(ItBy=AB=| 21 24 4
18 16 3
(2)
|Al =3, |B| =32, |AB|=|BA| =96
(a)
1 20 4 0 0 5 2 0
A+B=|[0 3 1 |+ 7 8 1 |=|7 11 2
1 21 0 0 1 1 2 2
(b)
400\ /12 0)\"
BTAT = 7 8 1 0 3 1
0 0 1 1 21
4 70 1 0 1
=0 8 0 2 3 2
01 1 01 1
18 21 18 18 16 2\ "
=116 24 16 | =] 21 24 4
2 4 3 18 16 3
Problem 0.5.
Solution.
The matrix
13 3 2
A=| 3 -2 4
2 4 3

is symmetric since A7 = A. We see that A mirrors along the diagonal.




Problem 0.6.

Solution.
2 0 0\’ 40 0
D?=10 -3 0 =0 9 0
0 0 -1 0 0 1
2 0 0 \° 8 0 0
D=0 =3 0 =0 —27 0
0 0 -1 0 0 -1
2 0 0 \" on 0 0
D=0 -3 0 = 0 (=3 0
0 0 -1 0 0 (=1)"
Problem 0.7.
Solution.
3 1 5 xr1 3x1 + x9 + dxg
Ax=1| 5 -3 2 To = 5x1 — 3xo + 223
4 -3 -1 T3 41’1 - 31’2 — I3

Thus we see that Ax = b if and only if
31’1 +£C2+5£L'3 =4
5I1 - 3I2 + 2l‘3 =-2

4.131 —333‘2—.%‘3:—1

Problem 0.8.




Solution.

0.85 0.10 0.10 0.2 0.25
Ts=1| 0.05 055 0.05 0.6 | =1 0.35
0.10 0.35 0.85 0.2 0.4

This is the market share vector after one year.

0.85 0.10 0.10 0.25 0.2875
T?s=T(Ts)= | 0.05 0.55 0.05 035 | = 0.225
0.10 0.35 0.85 0.4 0.4875

This is the market share vector after two years.

0.31563
T3s=[ 0.1625
0.52188
0.85 0.10 0.10 0.4 0.4
Tq=| 0.05 0.55 0.05 01 | =1 01
0.10 0.35 0.85 0.5 0.5

We see that if the market share vector is q, then it does not change. We say that q represent
an equilibrium.




Problem 0.9.

Solution. (1)
|AB| = |A][B] =2 (=5) = =10
| —3A4| = (=3)3|A| = (—27) -2 = —54
| — 247 = (-2)*|AT| = (-8) - |A| = (-8) - 2= ~16
(2) When two rows are interchanged, the determinant changes sign. Thus
C] = —|B| = ~(-5) = 5.

Problem 0.10.

Solution.

If we take one times the first row and add it to the last row, we get
3 1 5 3 1 5
9 3 15 |=|9 3 15
-3 -1 -5 0 0 O

Thus we get that the answer is 0, for instance by taking cofactor expansion along the third
row.

Problem 0.11.
Solution.
Let
0 ¢ b
A= c 0 a
b a 0
Then
b% 4 ¢ ab ac
A? = ab a?+ be
ac be a® + b?
We also have that
0 ¢ b 2 b% 4 2 ab ac
c 0 a| =|A]?=|A||A] = |AA| = |A?| = ab a? + c? be
b a O ac be a® + b?

The following problem is optional.




Problem 0.12.
On a matrix A one may perform one of the following elementary row operations:

(1) Interchange two rows.

(2) Multiply a row by a nonzero constant.

(3) Add a multiple of one row to another row.
If A and B are matrices of the same size such that we can obtain B from A by a succession of
elementary row operations, we say that A and B are row equivalent. This is often denoted
A~ B.
Show that A and B are row equivalent.

1 2 3 1 2 3
(a)A=[1 2 3 |andB=| 0 0 O

1 00 1 00

1 2 3 1 2 3
b)A=]| 2 4 6 |andB=| 0 0 O

1 00 2 00

1 2 3 100
(c)A=|1 3 3 JandB=[ 0 1 O

2 5 7 0 01
Solution.

(a) We take —1 times the first row and add it to the second row, to get B.
(b) We first take —2 times the first row and add it to the second row. We obtain the
following matrix

1 2 3
0 00
1 00
We then multiply the third row by 2, in order to get B.

(c) We first take —1 times the first row and add it to the secound row. We obtain the
following matrix:

1 2 3
010
2 57
We then take —2 times the first row and add to the third row. This gives:
1 2 3
010
0 1 1

We take —1 times the second row and add to the third row, and obtain:

1 3
0 0
0 1

=+ O =N

We take —3 times the third row and add to
the first and get B.

Note that B = I. A theorem says that a square matrix is invertible if and only if it is row
equivalent to the identity matrix.

he first, and —2 times the second and add to
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— Solutions to Exercise Problems —
1. The inverse matrix and linear dependence

Problem 1.1.

Solution.

To determine which matrices are invertible, we calculate the determinants.
1 3
1 3 =1-3-1-3=0.

From this we see that < 1 g ) is not invertible. We further have:

‘1 3

_13’213—04y3:6¢a

SO < jl g ) is invertible. To find the inverse we use the formula

a b\ ' 1 d —b
c d Cad—bc\ —¢ a

From this we get that

For the last matrix we find that

so it is invertible and

Problem 1.2.




Solution.

We calculate | A| using cofactor expansion along the first column:

|A] = a11A11 + a21 421 + az1 Az
5 6
0 8
=(5-8—0-6)+0+(2:6-5-3)
=404+12—-15=37

=(-D*t.1. ‘

4 (_1)2+1 .0- ‘

2
0

3 3+ g
8‘+( 1) 1’

We calculate |A| using cofactor expansion along the third row.

|A| = a31A31 + azp Az + az3Asz
2 3
5 6
—(2-6-5-3)+0+8-(1-5-0-2)
=12—-15+4+8-5=37

= (=1)3tt.1. ‘ + (=130 ‘

1
0

2‘+(—1)3+3-8-’

(G200 )

[t

Problem

1.3.




Solution.
In order to find the cofactor matrix, we must find all the cofactors of A. We get

5 6 0 6 0 5
A= (_1)1+1 1o 8= 40, Ay = (_1)1+2 . ’ 1 s l|= 6, A3 = (_1)3+1 . ‘ Lo ‘ - 5
2 3 1 3 1 2
Ay = (—1)*HL. 0 s |="16 A22:(—1)2+2-‘ 1 8 ‘:5, Az = ( 1)2+3-‘ 1 0 ’:2
2 3 1 3 1 2
o — (— 3+1 | — _ — (_ 3+2 _ L 3+3 _
Az = (1) 5 6 3, Az = (1) ‘0 6’ 6, Ass = (—1) ’0 5‘ 5.
From this we get that
0 6 -5\
cof(A)=1| —-16 5 2
-3 —6 5
The adjoint matrix is the transpose of the cofactor matrix:
40 -16 -3
adj(A) =cof(A)T = 6 5 —6
-5 2 5
The determinant |A| of A is 37 from the problem above. The inverse matrix is then
1 1 40 -16 -3
A7t = AT adj(A) = 37 6 5 —6
|4 -5 2 5
40 16 _ 3
_ 37 I
T B
37 37 37
We verify that
1 2 3 40 -16 -3 37 0 0
0 5 6 6 5 —6 | = 0 37 0
1 0 8 -5 2 5 0 0 37
and that 10 6 X
1 2 3 o —5§ —3 1 0 0
05 6 > = _g% =010
1 0 8 —% 33 3= 0 0 1
Similarly, we find that
1 0 0 10 —b
cof (B) = 0 1 0 | andadj(B)=| 0 1 0
-b 0 1 0 0 1
We also calculate that |B| =1, so
1 0 —b
Bt'=101 0
0 0 1




Problem 1.4.

Solution.
We note that

5x1+x2 \ (5 1 1
21‘1 — T2 - 2 -1 o ’
51+ x9 =3

() (n)=(
= (3 ) =) e (3

Since |A| = 5(—1) —2-1 = —7 # 0, A is invertible. By the formula for the inverse of an

2 X 2-matrix, we get
1
A= ( 7 ) |

If we multiply the matrix equation Ax = b on the left by A~!, we obtain
A7 Ax = A7 b,

Now, the important point is that A='A = I, and I,x = x. Thus we get that x = A~ 'b.
From this we find the solution:

<(2)=(3 %)) -(2)

In other words z; = 1 and x93 = —2.

This means that

is equivalent to

We thus have

NN
~lon

Problem 1.5.

Solution.
We write the product as

We find that
1 1 2 -1 2 0
ae=(Lg)(e 7 )-(% 1)
and
1 1 1
- (1)0 0= (4 4)
We thus get

1 1] 1
-1 0] -1




Problem 1.6.

Solution.
We must find numbers ¢; and ¢y so that

8\ 2, ~1
9 )=\ 5 “2\ 3
We have that
2 + -1 o 201 — Co o 2 -1
“a\ s 2\ 3 )7\ 56438 /"5 3

In other words we must solve
2 -1 C1 _ 8
(55 )(2)-(3)
Multiplying with the inverse from the left, we get that
C1 o 2 -1 -1
(2)-(5 %)
3 1
(% 2)(
1 11
_ 3
(%)

)
)

© o ©

soc; =3 and ¢y = —2.




Problem 1.7.

Solution.

(a) To see if _21 ) and ( —36 ) are linearly independent, we must look at the possible

values for ¢; and ¢y in the equation

o2 ) (5)=(0)

By inspection we see that if ¢; = 3 and ¢y = 1, the equation is satisfied (and there are
other solutions as well.) From this we conclude that the vectors are linearly dependent or
equivalently they are not linearly independent.

(b) We look at the solutions of

o(5)e(1)-(0)
(5 0)(5)-()

as we did in the previous problem. Since
2 3
-1 4

the matrix is invertible, and multiplying with the inverse from the left we obtain

(2)-(59) (3)
7))
(%)

We see that the only possibility is ¢; = 0 and ¢ = 0. By definition this means that < _21 )

This can also be written as

‘11#0

I
~
Z[-2)e

and ( 3 ) are linearly independent.

() (5)=(

(c) Since
the vectors are linearly dependent.
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Problem 1.8.

Solution.
We must prove that the equation

e (1,1,1) 4 ¢2(2,1,0) + ¢3(3,1,4) 4 ¢4(1,2, —2) = (0,0,0)

has nontrivial solutions. The left side is equal to (¢1 4+ 2¢2 + 3¢s + ¢4, ¢1 + 2+ ¢35+ 2¢4,¢1 +
4eg — 2¢4). We get the three equations

ci1 +2cy +3c3 4cy =0
(10) c1 e +c3 42¢4 =0
C1 +4Cg 7264 =0

To solve this system of equation, we replace it with a simpler system that has the same
solutions. If we take a multiple of one equation and add it to another equation, the solutions
of the system will remain the same. We may take —1 times the first equation and add it to
the second equation and also to the last equation

c1 +2cy +3c3 ey =0
—C2 7263 “+cy =0
—2co +c3 —3cy =0
Now we take —2 times the second equation and add it to the third equation. From this we
obtain:
C1 +262 +363 “+cy =0
—cy —2¢c3 “4cg =0
563 —504 =0

We may rewrite the equations to get

C1 = —262 — 363 — C4
Cco = —2¢c3+ ¢4
€3 = C4

We can substitute the expression for ¢z from the last equation into the two first equations

1 = —2cy — 3¢y —Ccqy = —2¢y — 4y
Cy = 7204 +cyp=—c4
C3 = C4

Finally we substitute the expression for cy given by the second equation into the first
equation, and we get

c1 = —2¢c4
Cy = —C4
C3 = C4

We see that for any choice of ¢4, the system has a solution. In particular not all ¢;’s
have to be zero. This shows that the vectors are linearly dependent.
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Problem 1.9.

Solution.
We must prove that
ci(a+b)+ca(b+c)+cs(atc)=0

has only the trivial solution ¢; = 0, co = 0, c3 = 0. Rewriting the equation, we have
(c1 +c3)a+ (1 + c2)b + (c2 + ¢c3)c = 0. Since a, b and c are linearly independent, we
conclude that ¢y +¢3 =0, ¢; +¢co =0 and ¢o + ¢3 = 0. From this ¢; = . —¢3, ¢; = —c9 and
co = —c3. Thus we have that ¢; = ¢; and that ¢; = —cg, and co = —co. This last equation,

gives ¢ 4+ co = 0 or 2¢co = 0. we conclude that ¢c; = 0. Substituting in the other equations,
c1 =0, and cg3 = 0. This shows that a 4+ b, b + ¢ and a + ¢ are linearly independent.
Similarly, we have that

ci(a—b)+ea(b+c)+cz(a+c)=0
can be written as
(c1+cs)a+ (—c1 +c2)b+ (ca+c3)c=0.
We must have ¢; +c¢3 =0, —c1 +c2 =0 and co + c3 = 0. We get ¢; = ¢2 and ¢3 = —c3.
Thus choosing ¢; = 1, we get ¢co = 1, ¢c3 = —1 and this is a non-trivial solution. Thus we
conclude that a — b, b 4+ ¢ and a + c are linearly dependent.

Problem 1.10.

Solution.
Assume that vy, va,..., v, are linearly dependent, then the equation

c1vi +cave + -+ v =10

has a solution where not all ¢;’s are 0. For instance if ¢ # 0, we can divide by this and we
get

C1 Cp,

—vi+ve+--+ —v,=0.

C2 C2
From this we get that vy = _%Vl — 2vz+ -+ 2v,. Thus vy can be written as a
linear combination of vy, vs, ..., v,. More generally, if ¢; # 0, we may write v; as a linear

combination of the remaining vectors.
Assume that one of the vectors can be written as a linear combination of the others. For
instance, if vi = asvae + -+ - + a, vy, then we get that

(—1)V1 + asVvy —+ -4 AnVyp— 0.

From this it follows that v, va,..., Vv, are linearly dependent.

Problem 1.11.
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— Solutions to Exercise Problems —
2. The rank of a matrix and applications

Problem 2.1.

Solution.

(1) As a vector equation, we have

r1a] + Toas +x3a3 = b

where
3 0 -1 0
a; = -5 |,ay = 2 |,a3 = 12 and b = 0
0 6 -5 0
As matrix equation, we have
Ax=Db
where
3 0 -1 1 0
A= -5 2 12 , b= To and b = 0
0 6 -5 3 0

(2) As a vector equation, we have

r1a1 + roas + x3a3 + x4a4 = b

where
5 0 —6 3 0
a; = -2 |,ay = —10 | ,a3 = 7 |,az=1] 0 |and b= 0
2 0 -5 5 0
As matrix equation, we have
Ax=Db
where
3 0 -6 3 il 0
A= -2 =10 7 0 |,b= ; andb=1| 0
2 0 -5 5 3 0
T4

Problem 2.2.
(FMEA 1.2.3in 2. ed. and 1.3.3in 1. ed.)

Solution.
See answers on page 555 in 1. ed. and 559 in 2. ed. of FMEA.

Problem 2.3.
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Solution.

Removing a column gives a 3-minor. Thus there are 4 3-minors. To get a 2-minor, we must
remove a row and two columns. There are 3 -4 -3/2 = 18 ways to do this, so there are 18
2-minors. List some of them.

135




Problem 2.4.
(FMEA 1.3.1in 2. ed. and 1.4.1 in 1. ed.)

Solution.
See answers on page 555 in 1. ed. and 559 in 2. ed. of FMEA.

Problem 2.5.
(FMEA 1.3.2ab in 2. ed. and 1.4.2 ab in 1. ed.)

Solution.
(a) Let
x 0 22-2
A= 0 1 1
-1 =z x-—1
We have
x 0 z2-2
0 1 1 =22 -z -2
-1 =z x-1

We have that 2 — 2 — 2 = 0 if and only if z = —1 or 2 = 2, so if 2 # —1 and 2 # 2, then
r(A) =3.If x = —1, then

-1 0 -1
A= 0 1 1
-1 -1 -2
Since for instance _01 (1) ‘ = —1 #0, it follows that r(A) = 2. If x = 2, then
2 0 2
A= 0 11
-1 2 1
. . 2 0
Since for instance 0 11°= 2 # 0, we see that r(4) = 2.

(b) The rank is 3 if t # —4, t # —2, and ¢ # 2. Therank is 2 if t = —4,t = —2, or t = 2.

Problem 2.6.
(FMEA 1.3.3in 2. ed. and 1.4.3in 1. ed.)

Solution.
See answers on page 555 in 1. ed. and 559 in 2. ed. of FMEA.
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Problem 2.7.
Using the definition of rank of a matrix, explain way m vectors in R™ must be linearly
dependent if m > n.

Solution.

Put the m vectors as columns in a matrix. This yield a n X m-matrix A. Since the rank
of A is equal to the order of the largest non-vanishing minor, we see that r(A) < n. By
definition the rank of A is the largest number of linearly independent columns in A. We
thus have at most n linearly independent columns in A. If m > n the m vectors can not be
linearly independent, hence they must be dependent.

Problem 2.8.
Show that
3 0
4 1
_ and 0
2 1

are linearly independent by computing a 2 x 2-minor.

Solution.
. 30 .
Since 4011= 3 # 0, the rank of the matrix
3 0
4 1
-1 0
2 1

is 2. By definition of rank, the two vectors must be linearly independent.

Problem 2.9.
(FMEA 1.4.1 in 2. ed. and 1.5.1 in l.ed.) In (c) and (d) you do not need to find the
solutions.

Solution.
See answers on page 556 in 1l.ed. and on 559 in 2. ed. of FMEA.
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Problem 2.10.
(FMEA 1.4.3 in 2. ed. and 1.5.3 in 1.ed.)

Solution.
We have
1 2 3 1 2 3 1
A=| -1 a -21 and A, = -1 a —-21 2
3 7 a 3 7 a b

When |A| = 3, then we have r(A) = r(Ap) = 3 and we have one unique solution. For
instance by cofactor expansion one finds that

1 2 3
Al=| -1 a —21 |=d*>-Ta=ala—T7).
3 7 a
Thus r(A) = 3 when a # 0 and a # 7. When a = 0, we have
1 2 3 1 2 3 1
A=| -1 0 =21 and A, = -1 0 —-21 2
3 7 0 3 7 0 b
We see that r(A) = 2. To have solutions we must have r(Ap) = 2, and in particular
1 21
-1 0 2 |=2-9=0.
3 7 b
On the other hand if b = %, we also have that
1 3 1 2 3 1
1 =21 2 |=|0 —21 2|=o,
30 3 70 %

and this implies that r(Ap) = 2.
Treating the case a = 7 similarly, one has in conclusion that
(1) There is a unique solution if a # 0 and a # 7.
(2) There are no solutions if a = 0 and b # 5.
(3) There are infinitely many solutions if a = 0 and b = 3.
(4) There are no solutions if a = 7 and b # .
(5)

5 10

There are infinitely many solutions if a = 7 and b = .

Problem 2.11.
(FMEA 144 in 2. ed. and 1.5.4 in 1.ed.)

Solution.
A(Axy + (1 = M)x2) = AAx; + (1 — M) Axy = Ab + (1 — A)b = b. This shows that if x; and
xg are different solutions, then so are all points on the straight line through x; and x,.

Problem 2.12.

(FMEA 1.5.5a in 1.ed.)

For what values of the constants p and ¢ does the following system have a unique solution,
several solutions, or no solutions?

1 + ® + w3 = 2q
207, — 3z + 2x3 = 4q
3ty — 29 + prs = ¢
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Solution.
Unique solution for p # 3. For p = 3 and ¢ = 0, there are infinitely many solutions (1 degree
of freedom). For p = 0 and ¢ # 3, there are no solutions.

Problem 2.13.
(FMEA 1.4.6ab in 2. ed. and 1.5.7ab)

Solution.
See answers on page 556 in 1. ed. and 560 in 2. ed of FMEA.
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The following problems are optional.

Solution. .
-1 2 2
(a)a-b:<2>(2>:(—1 2)<2>:2
—2\" /1
1 2
bab=| | S | =5
1 1
—2\" /1
(c)a-b= 1 2 | =0 = orthogonal.
2 0

(d) a1 -a2 =0, a; -ag = 0 and ay - a3 = 0. In general we have (a-b =b-a why?)

() qa;+--+cha, =0 = aj-(c1a; + - +cpa,) =c1a;-a; = 0. Now a; -a; # 0 if
a; # 0. Thus ¢; = 0. In the same way, we see that co = 0,...¢, = 0 and this shows that
they are linearly independent.

Solution.
By Pythagoras the norm is equal to the length.

Solution. .
1 2 1 2
2 4 2 4 30 60 30 60

T _ _ _

(a) AYA = 3 6 3 6 <60 120)"60 120'0 =— The rank of
4 8 4 8

AT A'is 1. Thus r(A) = 1.

T

1 2 1 2

(b) ATA = | 2 -1 o 1 | = (18 M8 oy, # 0. Thus
3 6 3 6 18 41 18 41

r(A) =r(ATA) = 2.
(c) ATAx =0 = xTAT Ax = (Ax)T(Ax) = |Ax|> =0 = Ax = 0. This show that

AT Ax =0 <= Ax =0

Thus the null space of AT A is equal to the null space of A.
(d) If r(A) < m the columns which we call ay,...,a, are linearly dependent, i.e.

cla1+~~~+cnan:0
where not all the ¢; are zero. From this it is clear that
c1aiTa1 4.+ cnaiTan =0

for all 5. But the columns in AT A are
T

a%aj
a2 aj
T,.
amaJ
and we have
alTal alTam
a2Ta1 aQTam
al o +Hen]| . -0
T T
a,a; a . a,

Thus the columns of AT A are linearly dependent, and we have |AT A| = 0.
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— Solutions to Exercise Problems —
3. Eigenvalues and diagonalization

Problem 3.1.

Solution.

1) The characteristic equation of 2 T is
3 -8

2—A -7
3 —8—=A
The solutions are A = —5 and A = —1.
(2) The characteristic equation is
2—A 4
-2 6-2A
This equation has no solutions, so there are no eigenvalues.
(3) The characteristic equation is

‘:/\2+6/\+5:0.

’:)\2—8)\+20:0.

1-A 4 2 .
6 717)\’—)\ —25=0.
The solutions are A = —5 and A = 5.
(4) The characteristic equation is
2—A 0 0
0 3—A 0 =2-M)B-MN4-N=0
0 0 4— A
The solutions are A =2, A =3 and A = 4.
(5) The characteristic equation is
2-X 1 -1
0 1-A 1 =0.
2 0 —2-A

We know that a determinant is unchanged if we take a multiple of one row an add it to
an other row. If we take the second row and add it to the first, we get
2—A 1 -1 2—X 2-—-2A 0

0 1-A 1 = 0 1—A 1

2 0 —2-A 2 0 —2-A
Since the determinant of a matrix is equal to the determinant of the transpose matrix,
we may play the same game with columns. Thus if we subtract the first column from
the second column, we get

2-X 2-2X 0 2-X 0 0
0 1—\ 1 = 0 1—)\ 1
2 0 —2- A 2 -2 —2-

1—A 1
=(2-23 -2 —2-)

=2-N\+A)
= (2= MA(1+ ).

The solutions of the characteristic equations is thus A = —1, A=0and A = 2.
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Problem 3.2.

Solution.
(1) We first consider A = —1. To find the eigenvalues corresponding to A = —1, we have to
solve the matrix equation
2— A -7 I - 0
3 -8 —A zz )\ L0 )"
Substituting A = —1, this is
-7 X1

(3

-7

)(2)=(

€2

')

Written as a system of linear equations, this is

3(,61 — 7(E2 =0
31’1 — 7%2 =0.
. 3 -7 3 =7 \. .
Since 3 _7|= 0, the rank of 3 _7 )8 1 and we know that there is one superfluous

equation and 2 — 1 = 1 degree of freedom. This is seen from the linear system of equations
as well since in consist of two equal equations. The system is thus equivalent to the system

31‘1 —7332 =0

consisting of one equation in two unknowns. Choosing z; to be the base variable an x5 to
be free, we find that

7
T = -T2

3
ro = free

We may assign a parameter for the free variable and write this as

7
l‘lzgt
xgzt

where ¢ can be chosen freely. This is conveniently written using vector notation
7 7
Ty (st )y 8.
X9 t 1
For each value of t # 0 we get an eigenvector
7
3

corresponding to A = —1. Since all these will be linearly dependent (they are a multiple of
each other) it is common to chose one of them as representing the eigenvectors corresponding
to A = —1. For instance for ¢t = 3 we get

7

3 )

We now consider the eigenvalue A = —5. Substituting A = —5 into

(50 0= ()
(5 5)()=(5)
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Solution.
(continued) Written as a system of linear equations, this is

Tx1— Txo =0
3r1 — 3x9 = 0.
There is clearly one superfluous equations and the system is equivalent to
1 — a9 = 0.
We may write the solutions as
T = T2
To = free
or choosing a parameter for the free variable
r1 =1t
o =1

Using vector notation this may be written as

il . 1
( T2 ) B t( 1 ) '
1
1
as the representative for the eigenvectors corresponding to A = —5.
(2) Since there are no eigenvalues there are no eigenvectors.

(3) We consider
1 4
4= ( Lo )

We choose

We have found the eigenvalues A = —5 and A = 5. To find the eigenvectors we must solve
(A-X)x=0
for each eigenvalue A. For A = —5
[ 1-(=5) 4 (6 4
A_M_( 6 —1—(—5)>_<6 4)‘
We must solve
6 4 it o 0
6 4 xT9 o 0 ’
This is equivalent to
6%1 + 4.%2 =0
We get
x —gx
1= —3t2
T9 = free

Choosing a parameter and using vector notation we get
Yy E .
To 1
—2
3
as representative for the eigenvectors corresponding to A = —5. Similarly we arrive at

(1)

as a representative for the eigenvectors corresponding to A = 5.

We may choose ¢t = 3 and

144




Solution.
(continued) (4) We consider

A=

S O N
o W o
- O O

To find the eigenvectors we we must solve
(A-=Xx=0
for each eigenvalue A. For A = 2, we get

2-2 0 0
A—- A= 0 3—2 0 =
0 0 4-2

S OO
o = O
N OO

We must thus solve

0 0 0 1 0
01 0 z2 | =10
0 0 2 T3 0
This is equivalent to
To = 0
2.’E3 =0

Since there are two equations there is one degree of freedom, and we see that z; is the free
variable. Thus

r1 = free
372:0
(E3:O

Choosing a parameter and using vector notation
I 1
T2 =t 0
I3 0
and we choose
1
0
0

as a representative for the eigenvectors corresponding to A = 2. Similarly we get

0
1
0

for A =3 and

—_ o O

for A = 4.
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Solution.
(continued) (5) We have

2 1 -1
A= 0 1 1
2 0 -2
To find the eigenvectors we solve (A — AI)x = 0. For A = —1 we must solve
3 1 -1 1 0
0 2 1 zo | =1 0
2 0 -1 T3 0

The rank is 2 so there is one superfluous equation. The two first rows are linearly indepen-
dent, so the matrix equation is equivalent to

3r1 +x2 —23=0
233‘2 —T3 = 0

31 -1 x1_8
02 1 T2 | =

X3 0

or

In order to simplify we multiply from the left by

(32) ~(

(using the formula from Lecture 2 for the inverse of a two by two matrix) and get

1 _1
i -z 31 -1\_(10 —3
0 1 02 1 o1 3 )

Thus our system is equivalent to

O wl—

N[ ‘
ol

N~

1 X1 0
< 1 (1) _15 ) Zo - 0
0 2 T3 0
or
I —%xg = 0
T2 +§.’E3 =0
Rewriting
Tr1 = 5333
1
T = —51‘3
r3 = free

Choosing a parameter and using vector notation, we get
1

T1 5
i) =1 —%
I3 1
For t = 2 we get
1
-1
2
which we choose as a representative for the eigenvectors with A = —1. For A = 0 one gets
1
-1
1
and for A = 2 one gets
2
1
1
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Problem 3.3.

Solution.
See answers in FMEA.

Problem 3.4.
Solution.
We calculate that
1 18 30 -3 15
-2 —-11 -10 1 =1 -5
2 6 5 0 0
We then observe that
15 -3
-5 | =-5 1
0 0
Thus
-3
1
0
is an eigenvector with eigenvalue A = —5. We further calculate
1 18 30 -5 25
-2 —11 -10 0 = 0
2 6 5 1 -5
and observe that
25 -5
0 =-5 0
-5 1
SO
)
0
1
is an eigenvector corresponding to the eigenvalue A = —5. Finally
1 18 30 3 15
-2 =11 -10 -1 = -5
2 6 5 1 5
and
15 3
-5 | =5 -1
5 1
SO
3
-1
1

is an eigenvector with eigenvalue A = 5.
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Problem 3.5.

Solution.
For

a=(3 1)

( ?Z ) corresponding to A = —1

we have found eigenvectors

( } ) corresponding to A = —5

We form the matrix P with these vectors as columns

(i)

and get
-1
1 (71 2 -7 71
rar=(5 1) (5 %)(5 )
-1 0
_< . _5)_9.
Problem 3.6.
Solution.

The characteristic equation is
3—A 5
0 3—A

and we see that A = 3 is the only eigenvalue. To find the corresponding eigenvectors, we

(302 (2)-(0)
(o) (2)-(0)

‘:(3—»2:0

or equivalently

This gives
5xe =0
so x1 has to be free:
r1 = free
xo = 0.

Choosing a parameter and using vector notation we get

(5)=(o)

All these vectors will be linearly dependent. We thus see that it is not possible to find two
linearly independent eigenvectors and this shows that A is not diagonalizable.
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Problem 3.7.
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Solution.

(1)
0.85 0.45
(ow 0.55
and 0.53 + 0.47 = 1.
(2) The characteristic equation is

0.85— A
0.15

which has the solutions A = 0.4 and \ =

(3) From
(

0.85 0.45
0.15 0.55

we see that (

0.45
0.55 — A

)

> is an eigenvector corresponding to the eigenvalue A = 1. From

0.2
0.8

0.53
0.47

J(58)=(3%)

‘—AQ—L4A+04—O

)=(5%)

1.0.

0.75
0.25

0.75
0.25

0.25
0.85 0.45 1 B 0.4
0.15 0.55 -1 )\ -04
we see that jl is an eigenvector corresponding to A = 0.4.

(4) We form the matrix P using the eigenvectors as columns

075 1
P= ( 0.25 -1 )
and we get that
-1
1 (075 1 0.85 0.45 075 1
poTE = < 025 -1 ) ( 0.15 0.55 ) ( 025 -1 )
_ 1.0 1.0 0.85 0.45 075 1
025 —0.75 0.15 0.55 025 -1
1.0 0.0

- < 0 04 ) =D

(5) D* = (P~'TP)" = P'TPP~'TP... P~'TP = P~1T"P. Multiplying with P from
the left, we get PD™ = T™P. Then multiplying with P! from the left, we get PD"P~! =
".
. - 1.0 0.0 \"
i D=l ( 0 04 )
~ lim (1.0)» 0.0
- n—oo O (0.4)7’1
(1.0 0.0
n 0 O '
We have that
lim s — 075 1 1.0 0.0 1.0 1.0 0.2
n=o0 025 -1 0 0 0.25 —0.75 08 /-
_( 0.75 0.75 0.2
1025 025 0.8

0.75
0.25

(0% )

(6) We see from this that we will approach the situation where A’s share is 75% and B’s

share is 25%.




Problem 3.8.

Solution.

Question 1: When is the product AB defined? Correct answer: A.

Question 2: Can we conclude that A is diagonalizable? Correct answer: D. (B
is wrong since u is an eigenvector with eigenvalue 0. C is wrong since A at least has the
eigenvalues 0 and 2.)

Question 3: Are u and v eigenvectors for A? Correct answer: A. In fact,

1 00 0 0
A=1 01 2 |, u=| -2 |, v=| 1
1 00 1 0
gives
1 00 0 0 0
Au=[ 0 1 2 -2 |=101]=0] -2
1 00 1 0 1
S0 u is an eigenvector corresponding to the eigenvalue 0. We have
1 00 0 0
Av=| 0 1 2 1 |1=11
100 0 0

S0 Vv is an eigenvector with eigenvalue 1.




Problem 3.9.

Solution.
(a) We start with
1 1 2 1 )
2 3 -1 -2 2
4 5 3 0 12
and take (—2) times the first row an add it to the second row:

11 2 1 )
01 -5 —4 -8
4 5 3 0 12

We then take (—4) times the first row and add it to the last row:

11 2 1 5
01 -5 -4 -8
01 -5 -4 -8

We take (—1) times the second row and add it to the last row to obtain the answer.
(b) We start with

1 1 2 1 )
01 -5 —4 -8
0 0 O 0 0
and take (—1) times the second row and add it to the first row to obtain:
1 0 7 5 13
01 -5 -4 -8
0 0 O 0 0

(¢) From the equations we get
Ir1 = 13 — 73?3 — 55(}4
To = 8+ by + 4xy

so z3 and x4 are free. Using vector notation we get

T 13 — 7%3 — 51’4

To —8 + b3 + 4wy

Zs3 Zs3

T4 T4
13 —71‘3 —5{,64
-8 5.1’3 43?4
o [T = |T| o
0 O T4
13 -7 -5
-8 5 4
0 + x3 1 + x4 0
0 0 1




Problem 3.10.




Solution.

The eigenvalues are 3 and 6. We need to find the eigenvectors.
A=3:

4 1 2 1 0 0 1 1 2
A-3I=10 3 0 ]-3({0 10 ]=1000
1 15 0 0 1 1 1 2
To solve the system (A — 3I)x = 0 we reduce the augmented matrix
11 2 0 11 2 0
0 00O0O]~10O0O0OTO
11 2 0 0 0 00
From
I —+ T2 + 2(E3 = 0
we get x1 = —xo — 2x3. Using vector notation:
X -1 —2
) = T2 1 + T3 0
I3 0 1
a 41 2 100
A-6I= 0 3 0 )—-61 0 1 0 0 —
1 1 5 0 0 1 1
To solve the system (A — 61)x = 0 we reduce the augmented matrix:
-2 1 2 0 1 1 —1 0 1 -1
0 -3 0 0 |~ 0 -3 0 0 — 0
1 1 -1 0 -2 1 0 0 0
1 1 -1 0 1 1 -1 0 11 -1 0
o -3 0 0)]~10 -3 0 O]J]~1O01 0 O
-2 1 2 0 0 0 0 00 0 O
10 -1 0
01 0 O
00 0 O
From this we get
I —Tr3 = 0
X9 =0
or
Tr1 = T3
To = 0
Using vector notation
X 1
X2 = I3 0
X3 1
Thus we get 3 linearly independent eigenvectors, and
-1 -2 1
P= 1 0 0
0 1 1
gives
1 -2 1\ /4 1 2 -1 -2 1
P'AP=| 1 0 0 030 1 0 0
0 1 1 1 1 5 0 1 1
3 00
=10 3 0
0 0 6

o O O
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— Solutions to Exercise Problems —
4. Quadratic forms and concave/convex functions

Problem 4.1.

(1.8.2 in the first edtion of FMEA and 1.7.3 in the second edtion of FMEA) Write the
following quadratic forms as x7 Ax with A symmetric:

(a) 22 + 22y + o2 (b) ax? + bry + cy? (c) 323 — 2x1w9 + 3z173 + 3 + 323

Solution.
(a) Q = 2% + 22y + y%. The coefficients in front of 22 and y? are placed on the diagonal.
The coefficient in front of zy is divided by 2 and placed in the remaining two entries. We

get that
1 1 x
) 2 _
Q=z"+2zy+y’ = (= y)(l 1>(y)

(b) Q = ax? + bwy + cx?. The coefficients in front of #? and y? are placed on the diagonal.
The coefficient in front of zy is divided by 2 and placed in the remaining two entries. We

get that
b
Q=a2>+22y+y’= (= y)(% i)(x>
2 Y

(c) Q = 323 — 212 + 3z173 + 3 + 323. The coefficients in front of the squares goes to the
diagonal. The coefficient in front of z1xz2 is equal divided between the (1,2) and the (2,1)
entry of the matrix, similarly for the coefficient in front of zix3. We get that

3 -1 % I
Q:(.’L'l I2 .%‘3) -1 1 0 T2
30 3 T3

Problem 4.2.

Write the following quadratic forms as x” Ax and determine their definiteness.
(a) Q(Zlax27x3) = ZE% + ng + 51’%
(b) Q(x1,22,73) = 23 + 23179 + 323 + 523




Solution.

(a) We get
1 0 0 T
Q:(l’l T2 .’133) 0 2 0 X9
0 0 5 T3
For a diagonal matrix, the eigenvalues are read of the diagonal. We get A = 1, A = 2 and
A=05.
(b) We get
110 1
Q = ( Tr1 T2 X3 ) 1 3 0 Zo
0 0 5 T3
We find the eigenvalues from the characteristic equation
1-A 1 0
I 3-X 0 |[=GB-N1)>" 1IA 31A ‘
0 0 5-2A a

=(B-NAN=4r+2)=0

We get that A =5 or A2 — 4\ + 2 = 0. The eigenvalues are thus 2 — \/5, V2 + 2 and 5. In
particular they are all positive, so ) is positive definite.




Problem 4.3.

Solution.
The characteristic equation is
a— A b
c d— A

‘adbca)\d/\Jr/\z

=X\ — (a+d)\+ (ad — be)
=\ —tr(A)A+ A = 0.

We now assume that the characteristic equation has the solutions A; and A2. We may factor
the characteristic polynomial A2 — tr(A)XA +|A] = (A — A1) (A — X2). Multiplying out we get

A2 —tr( A+ A = A= A) A= X2) = A% — (A1 + X)X + A do.
From this we conclude that tr(A) = A\ + Ay and |A| = A1 As.

Problem 4.4.
FMEA 2.2.1 (Do not bother about strictly convex/concave.)

Solution.
See answers in FMEA.

Problem 4.5.
Draw the line segment
[x,y] = {z: there exists s € [0.1] such that z = sx + (1 — s)y}
in the plane where
(a) x = (0,0) and y = (2,2)
(b) x=(-1,1) and y = (3,4)
Mark the points corresponding to s = 0,1 and % on each line segment.

Solution.

(a) s =0 gives (2,2), s = 1 gives (0,0) and s = 5 gives z = ix + (1 — 3)y =ix +
3 =3 (0 0) 5(2,2) = (1,1).

(b) s = 0 gives (3,4), s = 1 gives (—1,1) and s = 1 gives z = Ix+ (1 — J)y =3x +
%y:%( 1) +3(3,4)=(1,3)




Problem 4.6.
FMEA 2.2.2 abed

Solution.

(a)

_3_|....|

-3 -2

This is convex.

(b)

i

-3 -2

This is convex.




Solution.

()

10+

5

a
51
10 F

10

=5

This is not convex.

(d)

3_I
2
1

-3

This is convex.

Problem 4.7.

FMEA 2.3.1 (Do not bother about strictly convex/concave.)




Solution.
See answers in FMEA.

Problem 4.8.
Let f be defined for all x and y by f(x,y) =z —y — 22. Show that f is concave.

Solution.
It was shown in Lecture 5 that the function g(z,y) = 22 was convex. This means that the
function g(z,y) = —? is concave. In the Lecture it was also shown in an example that a

linear function is both concave and convex. In the same way one finds that h(z,y) =2 —y
is both concave and convex. By a theorem in Lecture 5, we get that f = h + g is concave.

Problem 4.9.

Solution.

Question 1: Correct answer: D.
Question 2: Correct answer: C.
Question 3: Correct answer: C.
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— Solutions to Exercise Problems —
5. The Hessian matrix

Problem 5.1.

Solution.
See answers in FMEA.

Problem 5.2.

Solution.
(a) We have
flz,y) = ax? 4 2bzy + cy® + pr + qy + 1.

e fy Y _ (2 %
o) T\l 2 )

The leading principal minors are

The Hessian matrix is

2a 2b

D1 =2a and Dy = % 9

’ = 4(ac — b?).

Soif @ > 0 and ac—b? > 0 the Hessian is positive definite, so the function is strictly convex.
If a < 0 and ac — b* > 0 we have (—1)'D; > 0 and (—1)2D3 > 0, so the Hessian is negative
definite. This means that the function is strictly concave.

(b) We know from a theorem in Lecture 6 that a function is convex if and only if the Hessian
is positive semidefinite. We also know that a symmetric matrix is positive semidefinite if
all principal minors are positive or zero. The principal minors are

2a 2b

% 9 ,2a and 2c.

Thus the Hessian is positive semidefinite if and only if ac — b2 > 0, a > 0 and ¢ > 0. Thus
this is a sufficient and a necessary condition for the function f to be convex. Similarly we
get that the Hessian is negative definite if and only if ac —b? > 0 and ¢ < 0 and ¢ < 0, so
this is a necessary and sufficient condition for the function f to be concave.

Problem 5.3.
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Solution.
One approach is to use the result of the previous problem. We will however solve the
problem directly.
The function
fz,y) = —62% + (2a + 4)zy — y* + day

has the following partial derivatives:

fi=-12z+4 (2a +4)y

5= (2a+ 4)x — 2y + 4a.

The Hessian matrix becomes
£ — 1 15 . —12  2a+4
- i i - .
a fag 2a + 4 -2
The principal minors are

—-12 2a+14
2a+ 4 —2

Since principal minors of order 1 are negative, the function is never convex. The function
is concave if and only if

8—4a2 —16a>0<= —2—-V6<a< -2+ 6.

—12,—2 and D, :‘ =8 —4a® — 16a

Problem 5.4.
Consider the function

fz,y) = 2* + 16y* + 3221 + 823y + 2422y,

Find the Hessian matrix. Show that f is convex.

Solution.
The Hessian matrix is
e — 4By + 1222 +48y%  96xy + 2422 + 96y
96y + 2422 4+ 96y%  192zy + 4822 + 19212

Completing the squares we see that

£ — 12(z + 22/)2 24 (z + 23/)2
24 (z +2y)° 48(z+2y)° )

The principal minors of order one are 12 (z + 2y)2 >0 and 48 (z + 2y)2 > 0. The principal
minor of order two is

12 (x4 2y)° 24 (z + 2y)°
24 (z 4 2y)° 48 (z +2y)°
Thus all principal minors are non-negative, thus the function is convex (but not strictly
convex).

=0.

Problem 5.5.

Solution.
See answers in FMEA.

Problem 5.6.
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Solution.
(a) 7(z,y) = 13z + 8y — C(x,y) = 9z + 6y — 0.0422 + 0.01zy — 0.01y> — 500.
(b) 74 =9 —0.08z 4 0.01y and 75 = 6 + 0.01x — 0.02y. The Hessian matrix is

—-0.08 0.01
0.01 -0.02 )°

—-0.08 0.01
0.01 —-0.02

The leading principal minors are

D; = —0.08 and Dy = ‘ ‘ =0.0015 >0

Thus the function concave.
Solving 7} =9 — 0.082 + 0.01y = 0 and 7 = 6 + 0.01z — 0.02y = 0, we get that (160, 380)
as the only stationary point which has to be a maximum.

Problem 5.7.
Consider the function f defined on the subset S = {(z,y,2) : 2 > 0} of R? by

fl@,y,2) =2zy + 2+ y* + 2°,

Show that S is convex. Find the stationary points of f. Find the Hessian matrix. Is f
concave or convex? Does f have a global extreme point?

Solution.

If (x1,y1,21) and (z2, Yo, 22) are two points in S. We must show that the line segment
[(3517111, 21)7 <x2ay2a Z2)] = {(.’I/‘,y, Z)|(l‘, Y, Z) = 5(30172117 Zl) + (1 - S)($2vy27 Z2)a s € [07 1]}
is in S. For a point on the line segment we have z = sz; 4 (1 — s)z2. Since either s, z1, (1 —s)
and zy are non negative, z is non negative. Since either s or (1 — ) is positive, z must be
positive.  This shows that the line segment is contained in S.

The first order conditions are

fi=2x+2y=0
fa=2x+2y=0

fi=32=0
From this we see that
T=—y
z=0

We conclude that there are no stationary points in S.
The Hessian matrix is

2 2 0
2 2 0
0 0 62
Solving
2—A 2 0
2 2—A 0 =-2(A=4)(A—62)
0 0 6z — A

The eigenvalues are thus A = 0,A = 4 and A = 6z. Since all eigenvalues are > 0, we
conclude that the Hessian is positive semidefinite, hence the function is convex. Since there
are no stationary points in S (and since S is open), f does not have a global minimum or
maximum.

Problem 5.8.
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Solution.
The function
fay,z)=at +yt+ 2 42+ —ay + 2y + 2°

has the Hessian matrix,

1222 + 2 -1 0
-1 12y% +2 1
0 1 1222 +2

The leading principal minors are
Dy =122242>0

1222 + 2 -1
Ds = -1 1292 + 2
= 2422 + 24y° + 1442%y> + 3 > 0
1222 +2 -1 0
D5 = -1 1242 + 2 1
0 1 1222 +2

= 3622 + 48y° 4 3622 + 288x2y? + 2882227 + 288y%2% + 17282%y%2% + 4 > 0

So the Hessian is positive definite, and hence f is convex.
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— Solutions to Exercise Problems —
6. Local extreme points and the Lagrange problem

Problem 6.1.

Solution.

fix) =221 — 29+ 223 =0
fix)=2r9—21+23=0
f5(x) = 623 + 221 + 22 =0
Rearranging, we get the following linear system of equations:
201 —x9 + 223 =0
—x1+ 220+ 23=0
201 4+ x9 + 623 =0

This may be written on matrix form as follows:

2 -1 2 X1 0
-1 2 1 zo | =1 0
2 1 6 T3 0
Since
2 -1 2
-1 2 1|=4
2 1 6
the only solution is the trivial solution
T 0
ZT9 = 0
T3 0

Thus (0,0,0) is the only stationary point. To classify this point, we look at the Hessian

matric:
ACSIACSIAeS
far (%) far(x)  fr3(x)
51(x)  fir(x) fis(x)
We have that

" (x) = %(f{(X)) - 8%(% sy +3)

=2
Likewise, we find all the second order partial derivatives and we get
2 -1 2
f”(x) = (fij(x))3><3 = -1 2 1
2 1 6
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Solution.
(continued) We can now calculate the leading principal minors of f”(x) :

Dl(X):2

D =| | =2em -3
2 -1 2

Dy(x)=| -1 2 1|=4
2 1 6

Since all leading principal minors are positive, we conclude that (0,0, 0) is a minimum point.
Note: One may also note that the function f(z1, ze,3) = 22+13+323—2102+211 23 +2273
is a quadratic form and use the theory of quadratic forms to prove that (0,0, 0) is a minimum
point.

Problem 6.2.

Solution.
0
of _ —62% +30x—36=0
or
of 2
L9 _e¥ =0
dy ©
of 2
- =-3 = =0
0z te

We get from —622 4 30z — 36 = 0, that x = 2 or 3. From 2 — eV = 0, we get eV =2 =
y?> = In2 <= y = +v/In2. Similarly we get z = £v/In3. Thus we get 8 stationary points
(2, +v/In 2, :I:\/h173) and (3, +v1n 2, :I:\/lni3) The Hessian matrix

f o°f 2°f

dx? Oydzr  0z0w

£ — 3*f *f 9% f
- 00y 8%/2 9z0y
8% f 8% f 8%f
0xdz  Oyoz 022
—122 + 30 0 0
= 0 —2y6y2 0
0 0 2z
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Solution.
(continues) From this we get

-12-2+30 0 0

£/(2,+vVIn 2, +vVIn 3) = 0 (v 2)eEVIn)’ 0
0 2(+£v/In 3)eEVind)®
0
= ( 0 $4\/1IT 0
+6v1In3

and

-12- 3+30 0 0
£7(3,+vVIn2,+vVIn 3) = ( _9(+vIn2)eEVInD’ 0

0 2(4++/In 3)eEVn3)*
0
= ( qﬂhﬂ 0
0 +6v/1n 3

We get

Stationary point Type

(2,—vIn2,—+/In3) | saddle

(2,—vIn2,v/1n 3) minimum

(2,vIn2,vIn3) saddle

(2,v/In2,—vIn3) | saddle

(3,—VIn2, —vIn3) | saddle

(3,—vIn2,v/1n 3) saddle

(3,v/In2,v1In3) saddle

(3,vVIn2,—v1n3) maximum
Problem 6.3.

Let f be defined for all (z,y) by f(x,y) = 23 + y> — 3xy.

(a) Show that (0,0) and (1,1) are the only stationary points, and compute the Hessian
matrix at these points.

(b) Determine the definiteness of the Hessian matrix at each stationary point and use this
to determine the nature of each point.

(c) Use the usual second derivative test in two variables to classify the stationary points.
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Solution.
(a) We have that f](z,y) = 32% — 3y and f}(z,y) = 3y*> — 3z. To find the stationary points,
we thus have to solve

322 -3y =0
3y> =3z =0

From these equations, we get that 22> = y and z = y2. We thus have that r = z* +—=
2t — 2 =0 <= z(2® — 1) = 0. The only solutions are z = 0 and = = 1. If z = 0 we get
y=0, and if z = 1, we get y = 1. Thus (0,0) and (1,1) are the only stationary points.

(b) The Hessian is given by
1 1
) = ()
for f2o
_ 6561 -3
N ( -3 6xo )

£(0,0) — ( _03 _03 )

We find the eigenvalues by solving the characteristic equation
0—-x -3
-3 0—-2A

We get that A = A\ = —3 or A\ = Ay = 3. Thus the Hessian is indefinite. We conclude that

(0,0) is a saddle point.
For (z1,22) = (1,1), we get
1" _ 6 -3
f (1,1)_(_3 6 )
and we find the eigenvalues by solving
6—-X -3
-3 6-A

The solution is A = Ay = 3 and A = Ay = 9. Thus the Hessian is positive definite. We
conclude that (1,1) is a minimum.

For (z1,22) = (0,0), we get

=A2_-9=0.

‘:)\2—12>\—|—27:0.

Problem 6.4.

(a) Solve the problem

max (100 — 22 — y? — 2?) subject to = + 2y + z = a.
(b) Let (z*(a),y*(a), z*(a)) be the maximum point and let A(a) be the corresponding La-
grange multiplier. Let f*(a) = f(z*(a),y*(a), 2*(a)). Show that

a(f*(a)
o M)

168




Solution.
We let f(z,y,z) = 100 — 22 — y? — 22, and let g(z,y,2) = = + 2y + z. We will find the
maximum of f(z,y, z) such that g(x,y, z) = a. We have that

99 dg 9
(% % &)=(121)
Since this has rank one, the NDCQ condition is satisfied.

We define L(z,y, z) = f(x,y, z) — Ag(x,y, z). The necessary first-order conditions for opti-
mality are then:

oL 0 0
gizgi—Agiz—zm—A:o
a—yza—g—Aa—iz—zy—%zo
oL 0 0
aza—ﬁ—xa—iz—zz—Azo
We get
A= -2z
A=y
A= -2z
We thus get
r+2y+z=a
20 —y =10
—y+22=0
This is a system of linear equations, with the following augmented matrix
1 2 1 a
2 -1 0 0
0 -1 2 0
Solving, we get z* = %a, y* = %a, ¥ = %a. Since the Lagrangian

L(z,y,2) = f(z,y,2) = Ag(z,y,2) =100 — 2% — y* — 2% — Na + 2y + 2)
is a sum of concave functions, it is concave and we get that (z*,y*, z*) = (%a7 %cu %a) must
be a maximum. (We get A = —y* = —1a)

(b) We have that the optimal value function is

* * * * 1
f (a‘) :f(.’E Y 2 ) = f(favfawéa’)
1 1 1
=100 — (za)? - (ga)Q - (ga)2
1
=100 — écﬂ
The left hand side of % = A(a) is thus
9" (a) = 712(1 = fla
oa 3
The right hand side of Bfa*éa) = A(a) is A = A(a) = —1a and this verifies the equation

of*(a
979 — X(a).
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Problem 6.5.

(a) Solve the problem
max f(x,y, z) = x 4+ 4y + z subject to 2% + y? + 22 = by = 216 and = 4 2y + 3z = by = 0.

(b) Let (z*,y*, 2*) be the maximum point and let A; and As be the corresponding Lagrange
multipliers. Let f* = f(2*,y*, z*). Change the first constraint to z? + y? + 22 = 215 and
the second to x + y + 2y + 3z = 0.1. It can be shown that corresponding change in the f*
is approximately equal to

A A + Ao Abs.

Use this to estimate the change in f*.




Solution.
(a) We have

gi(z,y,2) =2 +y* +2°
g2, y,2) = x + 2y + 32

991 991 Og¢1
ox Jy 0z

This has rank less than 2 if and only if (x,y, z) = t(1, 2, 3) for some ¢, but this would violate

the constraints.

The Lagrangian is
L(x,y,2) = f(x,y,2) = Mg1(@,y, 2) — Aag2(2,y, 2)
=x+4y+z— (2% + 9%+ 2%) = Aoz + 2y + 32).
The necessary first-order conditions for optimalitty are
oL _of | Og 991

% o )\1%—)\2%:1—2)\1$—A2:O

0L _OF )\ 99 3 9% _ 4 o)y _9x—0

and

dy oy “loy y
g—f:g—i— 1%—)\2%21—2)\1,2—3)\2:0
From these equations, we get
(11) 1— Xy =2)\i1z
4—2X =2\1y
1 -3\ =2)\12

We also have the constraints
g1(x,y,2) = 2 +y° + 2% = 216
92(,y,2) =2+ 2y +32=0

We see from the equations that we can not have A\; = 0. Multiplying = + 2y + 3z = 0 with
—2\1 we get

Substituting , we get
(I—=X2)+2(4—2X)+3(1L=3X2) =0
The solution of this equation is Ay = g. Substituting into , we get

6 1
1z 2 7T == i
12 16 8
MYy =4—-2X=4— —=— — y= —
1Y 2 7 - Y ™
6 11 —11
MAz=1—-3N=1-3.— == _
12 32 3 - - =z i,




Solution.
(continued.) We substitute this into 22 + y? + 22 = 216 and we get

1 8 |9 —11
o) )+
Simplifying, we get 1i;2 = 216, which has the two solutions: \; = ,%ﬁ’ AL = %Sﬁ
When A\ = iz—lgxﬁ, we get

)2 =216

1 6
L(z,y,z) :x+4y+z:ﬁ:%\ﬁ(x2+y2+z2)—?(:1:—|—2y—|—32).

Since a linear function is both convex and concave, and since —%ﬁ (22 +y2+22) is concave
and 55v/7(2? + y? + 2?) is convex, we get a maximum when A; = 5:v/7 (and a minimum
when \; = —2£1/7). Thus

1 8§ —11

T 28
) = e T
2 32 22
- (?\/7; 7ﬁ7 77\/?)

solves the maximum problem.

(b) We get
Af* ~ )\1(1’, Y, Z)dbl + AQ(‘T7 Y, Z)de
1 6
~—V7-(-1 —--0.1
28\[ (=1)+ 7
~ —0.009
Problem 6.6.




Solution.
The Lagrangian is
E(xv Y, 2) = f(.’)37 Y, Z) - )\lgl(‘rv Y, Z) - )\292(377 Y, Z)
=" ty+z—M@+y+z)—A(@® +y°+2°%)
The necessary first-order conditions for optimality are

oL B af dg1 g1

— = A= ===\ =2\ =
Jdr Ox Y ox 9r ~ © ! 22 =0
oL of 991 992
— == A== == =1-) — 2Ny =
ay By 1 Ay 2 dy 1 2y =0
oL of 991 092
— == A== =1=-)X] —2Xz =
0z 0z 10z Az 0z M 22 =0
From the last two equations we get
1-— )\1 = 2)\2:(/
1-— )\1 = 2)\22

so we get that 2X2y = 2M92 <= 2X2(y — z) = 0. Thus either Ay =0 or y = z.
If A\ = 0 we get Ay = 1. From e®*—X; —2Aox = 0 we then have that e* =1 =— z =In1 = 0.
From 4+ y+ 2z =1 and 22 4+ y? + 22 = 1, we then get
y+z=1

P+ =1
From the first equation, we get z = 1 — y. Substituting this into the second equation, we
get

YP+(1-y)il=le=22-2y=0<=y(y—-1)=0

Thus we get the two solutions y =0 and y = 1. Wehave y =0 = 2z=1-0=1 and
y=1 = z=1-1=0, we get two candidates for the maximum:

(0,0,1) and (0,1,0) with A\; =1 and Ay = 0.




Solution.
(continued.) If y = z, we get from x +y + 2z = 1 and 2% + 3% + 22 = 1, that
r+2y=1and 2® +2y* =1
From the first we get © = 1 — 2y. Substituting this into the second equation, we get
(1—2y)2+2 =1<=6y> —4dy=0<=y(3y —2) =0
We get again two solutions, y = 0 and y = % We have that y =0 — 2=1-2-0=1
andyz% = x:1—2-§:—%.From
e — A1 —2Xx=0and 1 — A1 —2Xy =0
we then get:
r=1Ly=0 = e—A1 -2 =0and1—-)X; =0
= M =lande—1=2)\,
e—1
2

In this case we get from 1 — A\; — 2X52z = 0 that z = 0.
This gives the candidate

— M =1land \y =

e—1

(1,0,0) with /\1 =1 and )\2 = 5

We get that
1 2 1 2
x:—?y:g — 73 —)\1—2)\2(—5):0and1—)\1—2/\2§20

2 4
— Alze_%—i—g)\gand)\l:l—g/\g

N}

4
— 6_%4-*)\2 :1—3)\2
Solving this one gets Ay = % — %e*% and \y = 1 — %)\2 =1- %(% — %efé) = %e*% + %
From 1 — A\ — 22z =0, wegetz:§
This gives the candidate
12 2 2 1

(757 g, g) Wlth )\1 = gei% —+ g and )\2 =
Thus we have four candidates for the maximum.
Check the four points to see which gives the largest value.

w
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— Solutions to Exercise Problems —
7. Envelope theorems and the bordered Hessian

Problem 7.1.

Solution.
The first-order conditions are that

fi=-2z—y+2r=0
fo=—x—4y+2r=0

Solving, we get the solution

6 2
x*z%andy*z%.
The function f is concave, so this gives the maximum. The optimal value function is
N 6r 2r 82
fr(r) = f(7,7’7“) =T
We get
d, .. 16r
) ==
On the other hand we have
af af 67 2r  16r
_— = 2 2 — —_— = 2 [— 2 —_— = —
or — Tt <8r>x=6;,y=2; I

Problem 7.2.

Solution.

fla,y,r,s) =’z +3s°y —a? — 8y°
The first order conditions are

%:r272x:0
%:352—1@:0
We obtain
T3
*_382
Y 716

The Hessian is

iy

and negative definite. Thus f is concave and (z*,y*) is a maximum.




Solution.
(continued) The optimal value function is

2 2 2 2
) = 2Ty 1362350y L (T2 _g(35 2
F(r5) = r(5) + 382(50) = ()2 = 8(55)

1
:Zr4+%s4
We get
of* ar* 9
Bf =73 and 8f —gs?’.
r s
On the other hand
2
g:Qm::> o1 =2T(T—)—r3
or T 2
T=z*,y=y
2
l:63y2> (8]” :65(3i):g
0 S ) pm 16 8

Thus we see that

)

)
of* <a )

(

or O ) oy
af g
ds  \ 9s SR
Problem 7.3.
Solution.

(a) 2*(m) = 3(m +2), y*(m) = 5(m — 4), A = 35055

(b) U*(m):%111(771—&—5)—1n3,%22-ml+ =A

ot

Problem 7.4.




Solution.
We seek to maximize
fl@,y,2) = a2 4y + 22
subject to
gi(z,y,2) =22 +y? +42° =1
g2(z,y,2) =2+ 3y +22=0.
We define the Lagrange function
L=f-Mg — g2
=2® +y? + 22 — A\ (2® + y® + 42%) — Xa(z + 3y + 22).
The first order conditions are
L)=2z—-2 Mz - =22(1—X)—A2=0
Lh=2y—2\y—3=2y(1—X1) —3X2=0
Lh=22—8\z—2 a=22(1—4\) —2X2 =0
We get
A =2z(1—-X\) = % 2y(1=X) =2(1—4\)
If A1 # 1, we get that y = 3z. Substituting this into « + 3y + 2z = 0, we get
x+3-(3z)+22=0 = 10z + 2z =0.
From this we get z = —5z. Substituting y = 3z and z = —5z into z2 +y? + 422 = 1, we get
22 + (32)% +4(-5z)* =1




Solution.
(continued) From this we get the equation

1102° =1
which has the solutions z = iﬁ. From this we get the two points
1 3 5
+ .+ , .
( V110 /110 :’:\/110)
We get
1 3 5 1\’ 3 \° 5\
+ ,+ , =(t— ) + (=) +(F+—=
g V110~ V110 ]F\/no) ( \/110> ( \/110) (]F\/uo)
7
22

If \y =1, we get Ay =0 and z = 0. From = + 3y + 2z = 0, we get x + 3y = 0 and from
2+ y2 +422 =1 we get x4+ y2 = 1. We get x = —3y and substitute thus into 2+ y2 =1
to obtain

(=3y)* +y* =1

This gives 10y? = 1 which has solutions y = j:\/%. From this we get the points

(

3 1
——,+t——,0) corresponding to A\; =1 and Ay =0
:F\/E \/ﬁ ) P g 1 2
and we have

3 2

St () ()
=1

f(F

Comparing, we see that this is the maximum value.
(b) We redefine

gz, y,z0) =22 +y? +42° —a
g2(z,y,z;0) =+ 3y+2z—a
and we want to maximize
fla,y,z) =a® +y* +2°
subject to
gz, y,z0) =22 +y? +42° —a=1
92(z,y,z;0) =x+3y+22—a=0.
Let f*(a) be the corresponding optimal value function. From (a), we know that
fr0) =1
since we solved the problem in the case a = 0. We would like to find f*(0.05), and we
estimate this by linear approximation

. ~ g daf*
£%(0.05) 2 f*(0) + (da )a_o - 0.05.

By the envelope theorem we have

().~ (&)
da a=0 da :r:a:*,y:y*7/\:)\*.

We have ar
— = A
D0 1+ A2
SO or
() =1+0=1.
da T=x*, y=y* A=\*
So that

£%(0.05) = £*(0) + 1 - 0.05.
=140.05=1.05




Problem 7.5.

Solution.
See answers in FMEA.




— Solutions to Exercise Problems —
8. Introduction to differential equations

Problem 8.1.

Find z.

(a) z = 3t — 342 + 5¢°

b) x = (2t2 - 1)(t* — 1)
= (Int)? —5Int +6

(Int): — 51

e 3 (6t + 1)
Ote =3¢ — 15¢2e=3

Problem 8.2.

Find the integrals.
(a) [t3dt

(b) Jo (8 + 1> + L)at
(c) [ gdt

(d) [ tet” dt

(e) [ Intdt

Solution.
(a) ff3dt =1t'+C
(b) [+t +1)dt =3
(c) [1dt =In]t|+C
(d) To find the integral ftet2 dt we substitute u = ¢2. This gives 2% = 2t or % = tdt. We
get
: du 1 [ 1 1,
/tetzdt:/e“—u = f/e“du: —e“+C = ieterC’

2 2 2
(e) We use integration by parts

/uv’dt = — /u’vdaz.

We write [Intdt as [(Int)-1dt and let uw =Int and v’ = 1. Thus v/ = 1 and v = ¢, and

t
/lntdt: (1nt)t—/%tdt
:tlntf/Idt

=tlnt—t+C
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Problem 8.3.

The following differential equations may be solved by integrating the right hand side. Find
the general solution, and the particular solution satisfying x(0) = 1.

(a) & = 2t.

) &= (2t + 1)ttt

Solution.
a) x = tdt = t* + C. e general solution 1s z = t* + C. We get « = =1, so
2td 24+ C. Th 1 solution i 24+ C. W 0 C =1
x = t? + 1 is the particular solution satisfying z(0) = 1.
T = e+ 18 the general solution. We get 2(0) = 57" +C =5+C =1 — =3.
b émO'th 11'Wt0§200;01 C%
Thus z(t) = e* + 1 is the particular solution.
c¢) To find the integra t+1)et” t, we substitute u = t“ +¢. We get ¢&¢ =2t 4+ 1 —
To find the integral [(2t+1)e’ *'d b 24+t Weget % =2t+1
du = (2t + 1)dt, so

/(2t +1)et trdt = /eudu et +C=et 4 (.

The general solution is # = e!" ¢ + C. This gives 2(0) = 1+C =1 = C = 0. The
particular solution is = et +t.

(d) We substitute u = t*+t+1 in [ 55 dt to find the general solution z = In(t?+t+1)+C.

We get 2(0) =In1+ C = C = 1. The particular solution is z(t) = In(t> + ¢t + 1) + 1.

Problem 8.4.
FMEA 5.1.1 in both editions.

Solution.
z(t) = Ce '+ 1e! = i =—Ce '+ Le'. From this we get
1 1
i4+x=—-Cet+4+ §et +Ce t + iet =ef
so we see that © + x = e’ is satisfied when x = Ce™t + %et.

Problem 8.5.
(FMEA 5.1.2 in both editions.) Show that z = Ct? is a solution of ti = 2z for all choices
of the constant C. Find the particular solution satisfying (1) = 2.

Solution.
x=Ct? = 4 = 2Ct. We have

ti =t - 20t = 20t° = 2z.

Problem 8.6.
FMEA 5.3.1 in both editions.
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Solution.

The equation 22

& =t —+ 1 is separable:

dx

2
—=t+1
xdt +

/x2dx = /(t+ 1)dt

1, 1,
—x° = =t t
3:17 2 +t+C

m3:§t2+3t+30

gives

Taking third root and renaming the constant

z(t) = ¢/ th +3t+ K

We want the particular solution with 2(1) = 1. We have

z(l) = \3/212 +3+K

We get K = —2. Thus

/3 7

is the particular solution.

Problem 8.7.
FMEA 5.3.2 in both editions.
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Solution.
(a) & =t — 1 gives
T = / (t3 — 1)dt

We get
1
z=-tt—t+C.

4
(b) We must evaluate the integral [(te’ —t)dt. To evaluate [ te'dt we use integration by

parts
/uv’dt = uv — /u’vdt.

with v/ = e* and u =t. We get v/ = 1 and v = ¢*. Thus
/tetdt =te! — /etdt =tel —e' +C

We get
1
x:/(tet—t)dt:tet—et— 5:52+C

(c) e"& =t + 1 is separated as
efdr = (t+ 1)dt = /ezdaz = /(t + 1)dt

Thus we get
1
et = 5t2 +t+C.

Taking the natural logarithm on each side, we get
1
x(t) = 1n(§t2 +t+0).

Problem 8.8.
FMEA 5.3.3 in both editions.
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Solution.
(a) t& = x(1 — t) is separated as

d _ _
ﬁzgdtﬁ/dﬁ:/uﬁ
x t T t

Note that % = % —1, so0
In|z| =Injt| —t+C
From this we get
eln|x\ — eln\tl—t+C — elnlt\e—teC — |.T‘ _ |t|€_t€C

From this we deduce that

x(t) =te 'K
where K is a constant as the general solution. We will find the particular solution with
z(1) = 1. We get

r(l)=e'K=¢'! = K=1.

The particular solution is

z(t) =te .
(b) The equation (1 + 3)i = t?z is separated as

dxtzdt:>/dx/t2dt
x 143 x ) 1+

We get,
In|z| = %ln|l+t3| +C = 1n|1+t3|% +C
This gives )
enlzl — 61n\1+t3\§+c
This gives

|z = [14 3|5
from which we deduce the general solution
a(t) = K(1+1%)3
where K is a constant. We which to find the particular solution with x(0) = 2. We get
z(0)=K =2.
Thus the particular solution is
z(t) = 2(1 4 t%)5.
(¢) z& =t is separated as
zdr = tdt = /xd:r = /tdt
The general solution is
=t +C
where z is define implicitly. We want the particular solution where z(v/2) = 1. We get
12=V2)?%4+C = 1=24C = C=-1
We have
=121 = z=4+V2 -1
since x(\/i) < 0 we have
z(t)=vVit2 -1
as the particular solution.
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Solution.
(continued)
(d) e?'de — 22 — 22 = 1, is separated as follows:

i -2 —2r=1 = eMi=1+2"4+2r=(r+1)? =

dzr ot dxr ot
7@_'_1)2 =e dt = /7(504—1)2 :/e dt

| e

we substitute u = = + 1. We get % =1 = dx = du. Thus

To solve the integral

dx 1 1 1
— = = | Zdu= Zdu=—u '+ C0=-wlt+C=—-—"_+C
/(x—|—1)2 /u2 U /u U _1u + u -+ (gc—|-1)+
Thus we get
1 Lo [y
wrn =2 7 ¢ * L2y C

From this we get

()=~ 1
x = - -
_%e—2t + C
as the general solution. We want the particular solution with z(0) = 0. We get
-1
2(0) = ——————-1=0
©) —3e0+C
From this we get C = —%. Thus the particular solution is
-1
()= ———1
( ) _%C_Qt _ %
1l
Cl4e2t

Problem 8.9.

Maximize the function
flwy,x2) =2 + a3 + 22— 1

subject to g(z1,72) = 3 + 23 < 1.
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Solution.
The Lagrangian is

L(X)=a2 423 +20—1—\Na?+23-1),
and the Kuhn-Tucker conditions are

‘C/l = 21’1 — 2)\1’1 = 2%1(1 - )\) =0
and

A>0and A =0if 22 + 23 < 1.

From £ = 0 we obtain 2z1(1 — ) = 0. Thus 3 = 0 or A = 1. If A = 1, then £} =
2x9 + 1 — 229 =1 #£ 0, so we conclude that z; = 0.
CASE 27 +23=1:
From z7 + 23 = 1 and 21 = 0 we obtain 23 = 1 or 3 = +1. We have £} = 2z2(1 —\) +1 =
£2(1-A)+1=0 = (1-A) =3 =F3 = A=1%3. Thus

Q
]
o,

(0, —1) corresponding to A =

(0,1) corresponding to A =

[N NGCR ORI

are candidates for maximum.
CASE 27 +23 < 1:
From z; = 0 we get #3 < 1. This is the same as to say —1 < xo < 1. Since A = 0,
L =2x9+1=0 gives 29 = —%. We conclude that
1
(0, 75) corresponding to A = 0

is a candidate for maximum. We compute

f(0,1)=1
f(0,—1) = —1 and
1 )
f(Oa—i) =1

and conclude that f(0,1) =1 is the maximal value.

Problem 8.10.

Solution.
See answers in FMEA.

Problem 8.11.
Minimize
x2 4+ y>2

2 2 :
41n(z” + 2) + y* subject to { r>1
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Solution.
We will use the following general method of solving

gz, ..., xn) < by
max f(x1,...,2,) subject to :
gm (1, xn) < by
by applying the following steps:
(L) L=f—=XMg1— = Angm
(2) £1=0,L£5=0,...,L, =0 (FOC’s)
(3) Aj >0and \; =0if g;(x1,...,2,) <bj
(4) Require gj(z1,...,2,) < b;
To transform the problem into this setting, we define
fla,y) = —(4In(z? +2) +y?)
since minimizing 4 In(2? + 2) + y? is the same as maximizing —(4In(2? + 2) + y?). We also
rewrite the constraints as
gi(zy) = —a® —y < -2
g2(z,y) = —z < -1
We define the Lagrange function:
L=—(4In(a? +2) +y*) = \i(=a? —y) = Aa(—x)
= —4ln(z® +2) —y* + M (2 +y) + \ox
The first order conditions are the

£/1:—4 ~2$+2)\1$+)\2:;&E+2>\11’+)\2:0

2 42 2 42
Lh==2y+X =0

Since there are two constraints, there are four cases to consider:

The case —22 —y=—2and —x = —1:

Since « = 1, we deduce from £} = 0 that

—-8-1 8

———+2 1+ =021+ —-=0

212 T2A1 -1+ A2 1+ A2 3
From 22 4+ y = 2 and © = 1 we obtain that y = 1. From £}, = —2y + A\; = 0 we the obtain
that A\; = 2. Substituting this into 2X\; + Ay — % =0 we get

3 4

This violates the complementary slackness conditions that says that Ay > 0 since the second
constraint is active. We conclude that the case case —z? —y = —2 and —z = —1 does not
lead to a solution.
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Solution.
(continues)

’Thecase —2? —y = —2and —x<—1:‘

Since the second constraint is inactive, we get Ao = 0. Substituting this into l_}i@ + 2\ x +
Ao =0 we get

—8x 4
—— 4+ 20 x=0<=2z(\{ — ———) =0
x2+2+ 1z x(l x2+2)
Since z > 1 this gives
4
A= ———
2 42
From —z2 —y = —2 we have that y = 2 — 22 and substituting this and \; = x%ﬁ into

—2y + A1 = 0 gives

—2(2—-2%) + =0 (2*+2) (2> -2)+2=0+<=2* =2

2+ 2
From this we obtain that

T =+v2211.1892
Since z > 1 we get that

x =2
From y = 2 — 22 we obtain
y=2— V2

and from A\ = 2y we get
A =2(2-V?2)

Thus we have the following candidate for optimum

(V2,2 = V2) = A1 =2(2-v2),A0 =0

The case —2% —y < —2 and —x = —1:‘

Since the first constraint is inactive, we get \; = 1. Substituting this into —2y 4+ A1 = 0 we
get

y=0.
Since = 1 by assumption, we see that —z? —y = —1 which is not less that —2 so the first
constraint is not satisfied. Thus the case —z? —y < —2 and —z = —1 does not give any
solution

The case —22 —y < —2 and —x < —1:

Since both constraints are inactive, we get A; = 0 and Ay = 0. Thus we get from —2y+X; =0
that
y=0

and from IQTQ 4+ 2 1z + A2 = 0 that

z=0
But —x = 0 is not less that —1, so this gives no solutions.

Conclusion:

The minimum value (subject to the constraints) is given by

(z,9) = (V2,2 = V2) = 4In(a® +2) +y* =4In(V2+2) + (2 — V2)* 22 5.2549
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— Solutions to Exercise Problems —
9. Linear first order and exact differential equations

Problem 9.1.
(FMEA 5.4.1 in both editions,) Find the general solution of & + 1z =
equilibrium state of the equation. Is it stable? Draw some typical solutio

1. Determine the
ns.

Solution.
See solutions in FMEA.

Problem 9.2.
FMEA 5.4.2 in both editions.

Solution.

(a) z = Ce ' + 10
(b) z =Ce® -9
(c) & = Ce™®/* 420

Problem 9.3.

(FMEA 5.4.4 in both editions.) Find the general solutions of the following differential
equations, and in each case, find the particular solution satisfying x(0) = 1.

(a) a—3x=5

(b) 3t +2x+16=0

(c) @ + 2z = t?

Solution.

(a) 2 =Ce3* —5/3, 2(0) =1 = C =8/3.
(b)x=Ce /% -8 2(0)=1 = C=9
(c)z=Ce 4+ 3t?—1t+1,2(0) =1 = C=3/4

Problem 9.4.
Problem 5.4.7 in the first edition of FMEA and 5.4.6 in the second edition.

Solution.
See answers in FMEA.

Problem 9.5.

Determine which of the following equations are exact:
(a) 2r+t)t+2+2=0

(b) 22z +2t+2 =0

(c) (15 + 622)i + (5att +2) =0
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Solution.

+t)=1,2(2+z)=1 = exact.
=0, Z(2t+x)=1 = not exact.

- ox
(t° + 622) = 5t4, Z (5xt* +2) = 5t* = exact.

—
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Problem 9.6.
Solve the exact equations in the previous problem.

Solution.
(a) b, =22+t = h=a’+tr+at) = hi=z+d{t)=2+2 = () =2 =
a(t)=2t+C. Thus h = 2? + tz + 2t + C.
The general solution is given by
22 ttr+2t=C
for some constant C', and this determines = implicitly as a function of ¢.
(c) hl, =5+ 622 = h=at’+223+a(t) = h, =5bxt* +a/(t) =5at* +2 = /() =
2 = a=2t+C. Thus h = 2t 4+ 223 + 2t + C.
The general solution is given by

ot +223 + 2t =C

for a constant C, and this determines x implicitly as a function of t.

Problem 9.7.
FMEA 5.5.1 in both editions.

Solution.
See solutions in FMEA.
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— Solutions to Exercise Problems —
10. Second-order differential equations

Problem 10.1.
FMEA 6.1.1ac in both editions.

Solution.
()i=t = i=3t2+C1 = z= 34+ Cit+ s
(i=e+t? = i=e"+313+C1 = z=¢ + H5t*+C1t+

Problem 10.2.
FMEA 6.1.2 in both editions.

Solution.

iP=t?—t = =32 — 312+ C) = z =5t — P+ Ot + Oy
z(0) = 1<:>T1204—%03+O10+02=CQ =1

i(0) =2 30° - J0+Cy =Cy =2

Particular solution: z(t) = t5t* — §¢3 + 2t + 1.

Problem 10.3.
FMEA 6.1.3 in both editions.

Solution.

Substitute u = @. Then & = & +t < @ = u +t < @ — u = t. The integrating factor is e~?,
and we get ue™' = [te7tdt = —e" —te”' + C;. From this: u = (—e™" —te™" + Cy)e! =
Ciet —t—1 = z= [(Ce' —t—1)dt = Cre' —t — %t2+02.

.2(0):1 — (C1+C=1 = (Cy=1-C4

z(l)=2 = Cle—l—%—i—Cg :Cg—l—eC’l—%:Q = 1—Cl+eCl—%:2. From this

WegetC&:Q(%nandC’gzl—C’l:l—ﬁ:%.

Particular solution is: z(t) = ﬁet —t—12 4 22(2:1).

Problem 10.4.
FMEA 6.3.1 in both editions.

192




Solution.
(a) Characteristic equation is r2 —3 =0 = r = +y3 = 2(t) = Cye~ V3! + CheV3".
b) Characteristic equation is 72 + 4r + 8 = 0. This has no real solutions. Thus we put

_ 1, _ 1, _ _ 1o _ L2 _ . ..
a=—5a0=—34=-2,0= \/b — 0% = \/ — ;42 = 2. From this the general solution is
z

2

(t) = e**(Acos Bt + Bsin t) = e~ 2 (A cos 2t + Bsin 2t).

)3 +8t=0<= i+ %i = 0. The characteristic equation is 72 + %r =0 = r=0or
r= —%. The general solution is z(t) = C1e% + Coe= 8t = Oy + Che~5t.

(d) 4& + 44 + x = 0 has characteristic equation 4r2 +4r + 1 = 0. There is one solution r =
1. The general solution is z(t) = (Cy + Cyt)e 3t

e) First we solve the homogenous equation & + & — 6z = 8. The characteristic equation
is r2 +r —6 = 0. It has the solutions r = —3 and r = 2. The general solution of the
homogenous equation is thus

zp(t) = Cre 3t + Che?.

Solution.

(continued.) In order to find the general solution of the non-homogenous equation & +
T — 6x = 8, we need to find a particular solution and we guess on a solution of the form
zp(t) = A for some constant A. Putting this into the equation gives A = —8 = 4 Thus

6 3
the general solution is
4
x(t) = —3 + Cre + Cye®.

(f) We first solve the homogenous equation & + 3% + 2z = 0. The characteristic equation
is 72 + 3r + 2 = 0. The solutions are 7 = —1 and r = —2. The general solution of the
homogenous equation is thus

zp(t) = Cre ™ + Che 2.

To find a solution of the non-homogenous equation &+ 3% +2x = e
of the form x,(t) = Ae®. We have that

Tp = 5Ae” and Tp = 25Ae’!.
Putting this into the equation we obtain
25Ae” +3-5Ae” + 24 = e
From this we get 424 = ¢ and we must have A = L. Thus the solution is

1 5
x(t) = Ee‘)t + Cre™t 4 Cye™2.

5t we guess on a solution

Problem 10.5.
FMEA 6.3.2bc in both editions.
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Solution.
(b) We first solve # — x# = 0. The characteristic equation is 72 — 1 = 0. We get z;, =
Cre '+ Cqet. To find a solution of & —x = e~ ", we guess on solution of the form x, = Ae™".
We have &, = —Ae™ " and #, = Ae” . Putting this into the left hand side of the equation,
we get

Ae™t — (Ae7h) =0.

t

So this does not work. The reason is that e™" is a solution of the homogenous equation.

We try something else: x, = Ate™*. This gives
i, = Ale™t —te™")
iy =A(—e " —(e7t —te™))
=Ae b (t - 2)
Putting this into the left hand side of the equation, we obtain
Bp—xp=Ae "t (t —2) — Ate™"
= —24e"t

We get a solution for A = —%. Thus the general solution is

1
x(t) = —ite*t + Cre™t + Cye'.

Solution.
(continued.) (c¢) The equation is equivalent to

. . 2 1
T — 10z + 2562 = §t+§.
We first solve the homogenous equation for which the characteristic equation is
r? —10r + 25 =0.
This has one solution 7 = 5. The general homogenous solution is thus
xp = (C1 + Cot)e™.
To find a particular solution, we try
zp, = At + B.

We have ¢, = A and &, = 0. Putting this into the equation, we obtain

2.1
0—10A+25(At + B) = ot + 5

We obtain 254 = % and —10A4 + 25B = % From this we get A = 7—25 and —% + 25B =
2% ., p_ 45 _ 3
75 = 2575 125°
Thus 9 3
t)= —t+— t)e
LE() 75 +125+(01+02 )e
Problem 10.6.

FMEA 6.3.3 in both editions.
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Solution.
(a) We first solve the homogenous equation & + 2% + 2 = 0. The characteristic equation is
r2 +2r + 1 = 0 which has the one solution, » = —1. We get

xh(t) =(C1 + Ogt)e_t.

To find a particular solution we try with z, = At*> + Bt + C. We get i, = 2At + B and
2, = 2A. Substituting this into the left hand side of the equation, we get

2A+2(2At + B) + (At* + Bt + O)
=2A+2B+C + (4A+ B)t + At?

We get A =1, (4A+ B) =0 and 2A+ 2B+ C = 0. We obtain A = 1, B = —4 and
C =—-2A—-2B = —2+ 8 = 6. Thus the general solution is

z(t) =% — 4t + 6+ (Cy + Cat)e™ .

We get & = 2t — 4+ Coe™t + (Cp + Cot)e ™t (—=1) = 2t — Cre™t + Coe™t — tCe™t — 4. From
2(0)=0weget 64+C; =0 = C; =—6. From £(0) =1, weget —C1 +Co —4=1 =
Co=5+C1=5—6=—1. Thus we have

x(t) =t —4t +6 — (6 +t)e "
(b) We first solve the homogenous equation #+4xz = 0. The characteristic equation 72 +4 = 0
has no solutions, so we put @« = —30 = 0 and 8 = (/4 — 30 = 2. This gives z), =

e (C4 cos Bt + Cy sin Bt) = C4 cos 2t + Cy sin 2t. To find a solution of & +4x = 4t + 1 we try
xzp = A+ Bt. This gives ¢, = B and &, = 0. Putting this into the equation, we find that

Zp+4x, =0+ 4(A+ Bt) =4A+ 4Bt = 4t + 1.
This implies that B =1 and A = i. Thus

1
x(t) = C1cos2t + Cosin 2t + 1 +1t
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Problem 10.7.
FMEA 6.3.6 in both editions.

Solution.
z=ue" = =dae" +ure"™ =" (u+ur) = &= te" +ure™ + r(ue™ +ure™) =
et (i + 2ri 4+ ur?). From this we get
&+ ai + bxr = e"[(ii 4 2ri 4 ur?) + a(t + ur) + bul
=i+ (2r + a)u + (r* + ar + b)u]
The characteristic equation is assumed to have one solution r = 5*. Putting r = 5* into
the expression we get
F 4 ai + br = "
So x = ue™ is a solution if and only if e = 0 < i = 0.

The differential equation ii = 0 has the general solution u = A+ Bt. Thus z = (A + Bt)e"
is the general solution of & + az + bz = 0.

Problem 10.8.
6.3.7 in first edition of FMEA and 6.3.8 in second edition.

Solution.
(a) Substituting ¢ = e® transforms the equation into z”(s) + 4x'(s) + 3z'(s) = 0. The
characteristic equation is % + 4r + 3 = 0. The solutions are r = —3,—1. Thus z(s) =

Cre 73t + Coye~t. Substituting s = Int gives z(t) = C1t73 + Cyt L.

(b) Substituting ¢ = e* transforms the equation into x”(s) — 42/ (s) + 32'(s) = (e*)? = e%.
First we solve the homogenous equation z'(s) — 5z/(s) + 3z'(s) = 0. The characteristic
equation is 72 —4r 43 = 0, and has the solutions » = 1 and » = 3. Thus z;, = C1e° + Cye?s.
To find a particular solution of z”/(s) — 42/ (s) + 3z(s) = (e%)? = €** we try z, = Ae?*. We
have z], = 2A4e%* and Ty = 4Ae?*. Substituting this into the equation, gives

2" (s) — 42’ (s) + 3x(s) = 4A4e?* —4-2Ae% + 3. Ae*
= —Ae*

Thus we get A = —1, and
z(s) = Cre® + Coe® — e**
Substituting s = Int gives
x(t) = Cht + Oyt — 2.

Problem 10.9.
6.3.8 in first edition of FMEA and 6.3.9 in second edition.

Solution.
If @ # 0 we get the general solution

bt

€
=1005————5—5 + C1e™ + Coe™
v 2ab — 3a? + b? et A tae

provided that 2ab — 3a? 4 b% # 0.
When a = 0 and b # 0 we get the general solution
100
T = Cl + bizebt +02t
There are also some other cases to consider, see answers in FMEA.
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— Solutions to Exercise Problems —
11. Difference equations

Problem 11.1.
FMEA 11.1.1 in both editions.

Solution.
(a) The difference equation
Tiy1 = AT + b

b b
xt:at(x0—>—|—
l1—-a 1—-a

when a # 1. For the equation
Ti41 = 2$t +4, o = 1

4 4
=t (1 )+
ot < 1—2)+1—2

=5-2' —4,

has the general solution

we obtain

(b) We rewrite the equation as follows:

1 2
3(1Jt+1 =x4+2 < Tyl = §$t + g

From the formula and xy = 2, we get

(c) We rewrite the equation as

20441 + 32 +2 =0 <= 241 = —55575 —1.

We get (x() = _1)1

(d) We rewrite as
$t+1—$t+320 < .’Et+1:$t—3.
(We cannot use the formula applied above.) In this case we get

Ty = x9 +tb =3 — 3t.
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Problem 11.2.
FMEA 11.2.1 in both editions.

Solution.
We have to solve the difference equation

az+1 = (14 0.2)as + 100 — 50, ag = 1000
or equivalently
at+1 = 1.2a; + 50, ag = 1000
The solution is
50 50
1—1.2)+ 1-1.2
= (1.2)"1250 — 250

(1.2)*(1000 —

Problem 11.3.
FMEA 11.3.1 in both editions.

Solution.
(a) We substitute x; = A + B2! into 442 — 37441 + 224 and obtain

(A+ B2%) — 3(A+ B2'™) + 2(A + B2') = 2B2" — 3B2'*! + B2t
=2'B(2-3-2+2%
=0
(b) We substitute z; = A3! + B4! into @442 — 72441 + 1224 and obtain

(A3'F2 4 B4™2) — 7(A3TT! + B4™) 4 12(A3" + B4Y)

= 12A43" +12B4" — TA3'T! + A3'T2 — 7B4'! 4 p4it2

=3"(12A—~TA -3+ A-3%) +4'(12B - 7B -4+ B - 4?)

=0

Problem 11.4.
FMEA 11.3.2 in both editions.

Solution.
First we prove that x; = A + Bt is a solution by substituting it into the equation. We get

Tiqo — 2@+, = (A+B(t+2) —2(A+ B(t+1)) + (A+ Bt)

=A—-2A+ A+ Bt+2B—2Bt—2B+ Bt

=0
To prove that his is the general solution, we must show that any solution may be written
as
for some A and B. Assume that x} is any solution of the difference equation. Since for any
solution z;, we have x40 = 22441 — @, we see if for some choice of A and B, xy = z{, and
x1 = ) then z; = z} for all t. We get

ry=z9o=Aand 2] =21 = A+ B.

Thus B = ] — z}, and A = z[, gives z; = x}.
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Problem 11.5.
FMEA 11.4.1ab in both editions.

Solution.
(a) The characteristic equation is 72 — 6r +8 = 0 and has solution: r; = 2 and 7y = 4. Thus
we get general solution
x; = A2 + B4".
(b) The characteristic equation is 72 — 8 + 16 = 0 and has one solution r = 4. Thus we get

the general solution

Problem 11.6.
FMEA 11.4.5 in both editions.

Solution.
The characteristic equation is

r? — 4(ab+ 1)r + 4a®b* = 0
This has the solutions r; = 2ab—2+v/2ab 4+ 142 and ro = 2ab+ 2v/2ab 4+ 1+ 2. The general
solution is
D, = Arl + Br}
assuming 2ab + 1 > 0.

199




— Solutions to Exercise Problems —
12. More on difference equations

Problem 12.1.
Find the general solution of the difference equation 3z;19 — 122, = 4.

Solution.
We have that

3%ty — 120y =4 <= x40 — 42t = %
The characteristic equation is
3P —12=0¢=1’-4=0<71 =22
The general homogenous solution is
2" =A.(-2)'+B-2
We search for a particular solution on the form
961(511)

=c
We get that
c—4c= % <:>—30:é<:>c:fé
3 3 9
Thus we
xt:A~(—2)t+B-2t—%
Problem 12.2.
FMEA 11.4.2a in both editions.
Solution.
The characteristic equation is
r24+2r+1=0
The solution is » = —1.The general homogenous solution is

o = (A+tB)- (-1)"
We search for a particular solution of the form
xﬁ”) =c-2
Substituting into the equation, we get
c- 22 4 2¢. 2 L2t = 2M(44+441)=9¢- 2" = c=1

Thus we get
v, =(A+tB) - (-1)" +2¢

Problem 12.3.
FMEA 11.4.7b in both editions.
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Solution.
The characteristic equation is
r?—r—1=0
has solutions r; = %\/5—&— % = 1.618 and ry = % — % 5 = —0.61803. Since 71 > 1, the
solution
xy = Art + Brj — o0 as t — o0
Thus the difference equation is not stable.
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Part 3

Exam Problems with Solutions






CHAPTER 4

Exam Problems

This chapter contains exam problems in GRA6035 Mathematics. The exam problems
consist of midterm exams and final exams for the years 2007-2010. The midterm exams are
multiple choice exams and counts for 20% of the grade, and the final exams are ordinary
written exams, and count for 80% of the grade. Solutions to the exam problems are given
in Chapter 5.

205



NORWEGIAN SCHOOL

OF MANAGEMENT

Multiple-choice examination in: GRA 60352 Mathematics (Mid-term exam (20%))

Examination date: 03.10.07, 14:00 — 15:00

Permitted examination aids: Bilingual dictionary and advanced calculator as a specific

calculator defined in the student handbook

Answer sheets: Answer sheet for multiple choice examinations
Total number of pages: 5
Number of attachments: 1 (example of how to use the answer sheet)

PLEASE READ THE FOLLOWING BEFORE YOU BEGIN!

Students must themselves assure that the examination papers are complete.

Students must provide the following information on the answer sheet:

— Examination code
— Personal initials
— Student registration number

The student registration number must be recorded with both the appropriate num-
bers and by putting an “X” by the corresponding number in the columns below.

Pens with green ink and pencils cannot be used in filling in answer sheets. Answer
sheets must not be used for writing rough drafts.

All answers must be recorded with an “X” under the letter you believe
corresponds with the correct answer.

Cancel an “X” by filling in the box completely (boxes that are com-
pletely filled in will not be registered). “X” in two boxes for one ques-
tion will be registered as a wrong answer.

The attached example shows you how the answer sheet would be filled in if A were
the correct answer for question 1, B correct for question 2, C correct for question
3 and D correct for question 4. An “X” under E indicates that you choose not to
answer question 5.

Your answers are to be recorded on the answer sheet. Answers written
on the examination papers and not on the answer sheets will not be
graded.

There is only one right answer for each question. Because the questions are
weighted equally, it can be to your advantage to answer the simplest questions
first.

Wrong answers are given -1 point, unanswered questions get 0 points (indicated
by an “X” next to E”) and correct answers are given 3 points.

You can keep the examination papers.
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Question 1

Compute the matrix product

What is the answer?

A.

B.

I prefer not to answer.

Question 2

Let M be the matrix

1 0 0
M = -1 2
-1 7T —4

What is the rank of M?

oSaw»

&

1
2
3
4

I prefer not to answer.

Question 3

Consider the following system of linear equations

209 —4dx3 + x4 =3
5581 — 5.’,E2 + 21‘3 + 21’4 = -2

Does the system have solutions?

oSawp>

&

The system has solutions and two degrees of freedom.
The system has no solutions.

The system has solutions and one degree of freedom.
The system has exactly one solution.

I prefer not to answer.
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Question 4

Consider the two vectors

—
[\]

and v = 1

c

Il

|
— DN
w

Are the vectors, u and v, linearly independent?

No, only three vectors in R? can be linearly independent.
Yes.

No, since u is a multiple of v.

No, since u is not a multiple of v.

oSawp>

&3

I prefer not to answer.

Question 5

Consider the function
Q(z1,x9,13) = 227 — 22 + x%
Is this a quadratic form?

No, this is not a quadratic form.

Yes, it is a quadratic form and it is positive definite.

Yes, it is a quadratic form and it is negative definite.

Yes, it is a quadratic form, but it is neither positive nor negative definite.

oSawe

&

I prefer not to answer.

Question 6

Let M be the matrix

= O
N~

What is adj(M)?

A.<_;g)
B.(é_g)
o (A1)

E. I prefer not to answer.
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Question 7

Consider the matrix

Il
==
el V=)
w o o

Is M diagonalizable?

&=

oSawp>

No.

Yes, because M is symmetric.

Yes, because M has three distinct eigenvalues.
Yes, because |M| = 0.

I prefer not to answer.

Question 8

Let

0 0 -1 -1 -1
M = 1 3 -1 , u= 1 , V= 3
2 0 3 1 1

Are u and v eigenvectors for M?

oSaw»

=

Yes, u and v are eigenvectors for M.

No, only v is an eigenvector for M.

No, only u is an eigenvector for M.

No, neither u nor v is an eigenvector for M.

I prefer not to answer.
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NORWEGIAN SCHOOL Department of Economics
OF MANAGEMENT

Written examination in: GRA 60353 Mathematics (Final exam (80%))
Examination date: 10.12.07, 09:00 — 12:00

Permitted examination aids: Bilingual dictionary and advanced calculator as a specific
calculator defined in the student handbook

Answer sheets: Squares

Total number of pages: 2

Question 1

Let A and B be two matrices defined by

-9 0 5 1 0 1
A= -4 1 2 and B = 0t O
-2 0 1 0 0 3

(a) Compute the determinant |A| and the determinant |B|. Compute AB.
(b) What is the rank of A? Determine the values of ¢ for which B has rank 2.
Determine the values of ¢ for which the rank of AB is 2.

Two firms numbered 1 and 2 share the market for a certain commodity. In course of the
next year, the following changes occur:

Firm 1 keeps 25 % of its customers, while losing 75 % to Firm 2.

Firm 2 keeps 50 % of its customers, while losing 50 % to Firm 1.
We can represent market shares of the two firms by means of a market share vector, de-

fined as a column vector whose components are all nonnegative and sum to 1. Define the
transition matriz T and the initial share vector s by

(025 0.50 [ s
r= ( 0.75  0.50 )ands_ ( 52 )
(c) Show that T" has an eigenvector with eigenvalue 1, and find such an eigenvector

v which is also a market share vector. How will the marked shares develop when
s=v?

Let M be any two by two matrix such that it has an eigenvector v, with eigenvalue 1 and
an eigenvector vy with eigenvalue 2.
(d) Show directly from the definition of linear independence and the definition of an
eigenvector that vi and vo must be linearly independent.



Question 2
Consider the function
flz1, @0, x3) = xg + x% + x% + x% + 2x9x3 — 221 + 1229

(a) Find f{, f5 and f5. Show that (1,—8,2) and (1, —4, —2) are the only stationary
points of f.
(b) Classify the stationary points.

Consider the function g defined by
gla,y) = a® + ey +4y° +¢¥ —y

(¢) Show that the function g is convex.

(d) Does g have a global minimum or maximum value? If this is the case, then find
this value.

Question 3
(a) Find the solution of
&= (t—2)a?
that satisfies 2(0) = 1.
(b) Find the general solution of the second-order differential equation

i —5i+ 6z =",
(c¢) Find the general solution of the first-order differential equation
i+ 2tz = te U1,
(d) Find the solution of
3™ H3 4 37 H _ 2e2 =

with z(1) = —1.



NORWEGIAN SCHOOL

OF MANAGEMENT

Multiple-choice examination in: GRA 60352 Mathematics (Mid-term exam (20%))

Examination date: 01.10.08, 14:00 — 15:00

Permitted examination aids: Bilingual dictionary and advanced calculator as a specific

calculator defined in the student handbook

Answer sheets: Answer sheet for multiple choice examinations
Total number of pages: 5
Number of attachments: 1 (example of how to use the answer sheet)

PLEASE READ THE FOLLOWING BEFORE YOU BEGIN!

Students must themselves assure that the examination papers are complete.

Students must provide the following information on the answer sheet:

— Examination code
— Personal initials
— Student registration number

The student registration number must be recorded with both the appropriate num-
bers and by putting an “X” by the corresponding number in the columns below.

Pens with green ink and pencils cannot be used in filling in answer sheets. Answer
sheets must not be used for writing rough drafts.

All answers must be recorded with an “X” under the letter you believe
corresponds with the correct answer.

Cancel an “X” by filling in the box completely (boxes that are com-
pletely filled in will not be registered). “X” in two boxes for one ques-
tion will be registered as a wrong answer.

The attached example shows you how the answer sheet would be filled in if A were
the correct answer for question 1, B correct for question 2, C correct for question
3 and D correct for question 4. An “X” under E indicates that you choose not to
answer question 5.

Your answers are to be recorded on the answer sheet. Answers written
on the examination papers and not on the answer sheets will not be
graded.

There is only one right answer for each question. Because the questions are
weighted equally, it can be to your advantage to answer the simplest questions
first.

Wrong answers are given -1 point, unanswered questions get 0 points (indicated
by an “X” next to E”) and correct answers are given 3 points.

You can keep the examination papers.
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This exam has 8 questions.
Question 1

Compute the matrix product

What is the answer?

v

(5 4)
(40)
> (1%)

E. I prefer not to answer.

Question 2

Let M be the matrix

1 -3 5 0
M = 3 0 0 0
-2 -6 -10 0

What is the rank of M?

1
B. 2
C. 3
D. 4

E. T prefer not to answer.

Question 3

Compute the determinant

1 0 0 0
-1 -2 -2 =2
-3 2 2 2
-3 3 8 9

if possible. The answer is:

A. Tt is not possible to compute the determinant of a 4 x 4 matrix.

B. 0O
C. -2

D. 2

=

. I prefer not to answer.



Question 4

Consider the following system of linear equations

X1 +I’2 +I3 +£L‘4 = 4
2x1 +2x9 +3z3 +3x4 = 8
T3 4y = 0

Does the system have solutions?

A.

B.

The system has solutions and two degrees of freedom.
The system has no solutions.

The system has solutions and one degree of freedom.

. The system has exactly one solution.

I prefer not to answer.

Question 5

Which statement is not true?

A.

B.

The rank of an m x n matrix is less or equal to the minimum of m and n.
Four vectors in R? are always linearly dependent.

If three vectors in R* are linearly independent, then at least one of the vectors
is a linear combination of the remaining two vectors.

If A is any matrix, then the rank of A is equal to the rank of the transposed matrix AT.

I prefer not to answer.

Question 6

Consider the function

Q(x1,x9,23) = :Ef - :r% + x% + 22129

Is this a quadratic form?

A.

B.

No, this is not a quadratic form.
Yes, it is a quadratic form and it is positive definite.
Yes, it is a quadratic form and it is negative definite.

Yes, it is a quadratic form, but it is neither positive nor negative definite.

I prefer not to answer.
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Question 7

Consider the matrices

1 11
M:(§§>andN: 0 2 2
0 0 3

Are M and N diagonalizable?

A.
B
C.
D

E.

Both M and N are diagonalizable.
M is diagonalizable, but N is not diagonalizable.
M is not diagonalizable, but N is diagonalizable.

Neither of the matrices are diagonalizable.

I prefer not to answer.

Question 8

Which function is neither convex nor concave?

A flzy) =2 +°

B. f(z,y) = —2* —y?

C. flz.y) =—a®+y°

D. flz,y) =2 +y* —=

E. T prefer not to answer.
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Question 1

Let B and C be two matrices defined by

1 -1 c =5
B—<1 9 )andC’—<5 1)

(a) Compute BC and C'B. For which values of ¢ do we have that BC' = CB ?

Let

a=(37)

(b) Write down the characteristic equation and find the eigenvalues of A.

(¢) Find the eigenvectors of A. Is A diagonalizable? If so, find a matrix P such that
D = P71AP is a diagonal matrix and find D.

(d) Let E be a square matrix and assume that X is an eigenvalue of E. Show that \?
is an eigenvalue of E2.



Question 2

Let
h(a@y,z):y4—|—x2+2x+y2+yz—l

(a) Find the Hessian matrix h”(x, y, 2).

(b) Show that h has a unique stationary point and classify this point as a local max-
imum, local minimum or a saddle point.

Consider the problem

g(z,y,2) =2® +y* =2

max f(x,y,2) = 2z subject to { G2,y 2) =T +ytz=1

(c) Write down the first order conditions using the Lagrangian

ﬁ(x7yaz) = f(x7yvz) - Algl(zvyvz) - )‘292(z7y7z)

and show that one obtains Ao =2, z = —% and y = —)\%
(d) Substitute z = —/\% and y = —)%1 into one of the constraints to obtain \; = +1

and for each of the different sets of values for the multipliers, find out if £ is convex
or concave. Solve the maximization problem.

Question 3
(a) Find the general solution of the following differential equation
1

(b) Find the general solution of the linear second order differential equation

T+3T+2x=2t+5

(¢c) Solve the difference equation

Ti42 = 4£Ct+1 - 4£Ut, To — 0,(E1 =2

(d) Consider the differential equation
t+222 =0, 2(0) =1

Explain why this is not a linear differential equation, and solve it as a separable
differential equation.
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Multiple-choice examination in: GRA 60352 Mathematics (Mid-term exam (20%))
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Answer sheets: Answer sheet for multiple choice examinations
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PLEASE READ THE FOLLOWING BEFORE YOU BEGIN!

Students must themselves assure that the examination papers are complete.

Students must provide the following information on the answer sheet:

— Examination code
— Personal initials
— Student registration number

The student registration number must be recorded with both the appropriate num-
bers and by putting an “X” by the corresponding number in the columns below.

Pens with green ink and pencils cannot be used in filling in answer sheets. Answer
sheets must not be used for writing rough drafts.

All answers must be recorded with an “X” under the letter you believe
corresponds with the correct answer.

Cancel an “X” by filling in the box completely (boxes that are com-
pletely filled in will not be registered). “X” in two boxes for one ques-
tion will be registered as a wrong answer.

The attached example shows you how the answer sheet would be filled in if A were
the correct answer for question 1, B correct for question 2, C correct for question
3 and D correct for question 4. An “X” under E indicates that you choose not to
answer question 5.

Your answers are to be recorded on the answer sheet. Answers written
on the examination papers and not on the answer sheets will not be
graded.

There is only one right answer for each question. Because the questions are
weighted equally, it can be to your advantage to answer the simplest questions
first.

Wrong answers are given -1 point, unanswered questions get 0 points (indicated
by an “X” next to E”) and correct answers are given 3 points.

You can keep the examination papers.
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This exam has 8 questions.
Question 1

Let M be the matrix

0 0 1
6 2 5
M=1"1 03
0 1 1

What is the rank of M?

1
B. 2
C. 3
D. 4

E. I prefer not to answer.

Question 2

Let M be the matrix

u-(32)

Compute the eigenvalues of M. Which statement is correct?

A. The matrix M has no real eigenvalues.
B. The eigenvalues are —1 and 4.

C. The eigenvalues are 2 and 1.
D

The matrix M has only one real eigenvalue.

E. I prefer not to answer.

Question 3

Compute the determinant
1 0 1 0
0o -2 -2 -2
-3 0 2 2
-3 0 1 2

if possible. The answer is:
A. Tt is not possible to compute the determinant of a 4 x 4 matrix.

B. 0O
C. 4

D. 2

=

. I prefer not to answer.



Question 4

Which function is both convex and concave?

A f(x,y) = 2% + 32
B. f(z,y) = —2% — ¢
C. f(x,y) = —a? +¢?
D. f(z,y)=xz+vy

E. I prefer not to answer.

Question 5

Let

Compute (AB)~!A. The answer is:

1 1
A. 4 2
<%0>
1 -3
> (5 0)
0
(2 71)
_1 1
6 2
36 12

E. T prefer not to answer.

Question 6

Let
1 3 5
A= 3 1 4
-2 -6 -—10

and let B be any 3 x 3 matrix. Which statement is correct?

The matrix product AB is not defined.
The columns of the matrix AB are linearly independent.

The columns of the matrix AB are linearly dependent.

o a w =

It is not possible to decide if the columns of the matrix AB are linearly indepen-
dent without knowing B.

E. T prefer not to answer.



Question 7

Let

4 3 -5 2 1 0
M = 0O 1 1 u= -1 vV = 1 w = 1
0O 1 1 1 1 0

Which statement is correct?

A.
B.

v and w are eigenvectors of M.
Only v is an eigenvector of M.
u and v are eigenvectors of M.

Only w is an eigenvector of M.

I prefer not to answer.

Question 8

Let f(x1,22,23) and g(x1, xo, x3) be positive definite quadratic forms.

Which statement is correct?

A.

B
C.
D

The function f(x1,x9,23) + g(x1, 22, x3) need not be a quadratic form.

. The function f(z1,x2,x3) + g(x1, 22, x3) is a positive definite quadratic form.

The function f(z1, z2,x3)+g(x1, 2, x3) is a negative semidefinite quadratic form.

. The function f(z1,x2,x3) + g(x1,x2,x3) is a quadratic form, but it need not be

definite.

I prefer not to answer.



NORWEGIAN SCHOOL Department of Economics
OF MANAGEMENT

Written examination in: GRA 60353 Mathematics (Final exam (80%))
Examination date: 04.05.09, 13:00 — 16:00

Permitted examination aids: Bilingual dictionary.
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Answer sheets: Squares
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Question 1

Consider the following system of linear equations

T1 —30x3 = 0
—21’1 —10.’52 +70£L’3 = 0
—X7 —10.’E2 +405L‘3 = 0

(a) Write down the coefficient matrix of the system. Solve the system, and state the
number of degrees of freedom. What is the rank of the coefficient matrix?

Consider the quadratic form

Q(1'1, L2, IB) = CLCC% + ZE% + ax% + 2(& — 2)1‘1$3
(b) Find a matrix A such that @Q = x” Ax. For which values of a is the quadratic form

positive definite?
1 4
(1)

(¢) For which values of ¢ does T have two distinct eigenvalues?
(d) Find a value of ¢ such that T is not diagonalizable.

Define
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Question 2
Consider the function f defined on the subset S = {(z,y,2) : z > 0} of R? by
flz,y, 2) =% — 22 4+ 9* + 2° — 32.

(a) Show that the subset S is convex. Find the stationary points of f.
(b) Find the Hessian matrix of f. Is f concave or convex? Does f have a global
extreme point? Justify your answer.

Consider the problem

y<5

max f(z,y) = In(x + 1) + In(y + 1) subject to { vty <2

(c) Write down the necessary Kuhn-Tucker conditions.
(d) Solve the problem.

Question 3

(a) Find the general solution of the following differential equation

i+tr=3t  (t>0)

(b) Find the general solution of the linear second order differential equation

i+ 5& + 62 = et

(¢) Solve the following difference equation:
Tit1 — 3¢ —2=0, 2g=0
(d) Consider the following system of difference equations:
Tigp1 = Tt + Yt
Yrp1 = 2a¢

with zg = 1 and yo = 0. Derive a second order difference equation for z; and solve
this equation and the system.



NORWEGIAN SCHOOL Department of Economics
OF MANAGEMENT

Multiple-choice examination in: GRA 60352 Mathematics (Mid-term exam (20%))
Examination date: 28.09.09, 14:00 — 15:00

Permitted examination aids: Bilingual dictionary.
Bl-approved exam calculator: TEXAS INSTRUMENTS BA Il Plus™

Answer sheets: Answer sheet for multiple choice examinations
Total number of pages: 5
Number of attachments: 1 (example of how to use the answer sheet)

PLEASE READ THE FOLLOWING BEFORE YOU BEGIN!

e Students must themselves assure that the examination papers are complete.

Students must provide the following information on the answer sheet:

— Examination code
— Personal initials
— Student registration number

The student registration number must be recorded with both the appropriate num-
bers and by putting an “X” by the corresponding number in the columns below.

e Pens with green ink and pencils cannot be used in filling in answer sheets. Answer
sheets must not be used for writing rough drafts.

e All answers must be recorded with an “X” under the letter you believe
corresponds with the correct answer.

e Cancel an “X” by filling in the box completely (boxes that are com-
pletely filled in will not be registered). “X” in two boxes for one ques-
tion will be registered as a wrong answer.

e The attached example shows you how the answer sheet would be filled in if A were
the correct answer for question 1, B correct for question 2, C correct for question
3 and D correct for question 4. An “X” under E indicates that you choose not to
answer question 5.

e Your answers are to be recorded on the answer sheet. Answers written
on the examination papers and not on the answer sheets will not be
graded.

e There is only one right answer for each question. Because the questions are
weighted equally, it can be to your advantage to answer the simplest questions
first.

e Wrong answers are given -1 point, unanswered questions get 0 points (indicated
by an “X” next to E”) and correct answers are given 3 points.

e You can keep the examination papers.
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This exam has 8 questions.
Question 1

Consider the matrix

-8 10 —4
A= -6 8 —4
0 0 -2

Compute the cofactor As3 . What is the answer?
-8 —4
A ( s )
B. —4
C. 4
D. None of the above.

E. I prefer not to answer.

Question 2

Let M be the matrix

1 0 5 9
0 0 00O
M= 2 0 6 8
3 0 7 7
What is the rank of M7
1
B. 2
C. 3
D. 4
E. T prefer not to answer.
Question 3
Consider the matrix
-8 10 —4
A= -6 8 —4
0o 0 -2

Compute the eigenvalues of A. Which statement is true?

A. The matrix A has no eigenvalues.
The matrix A has exactly one eigenvalue.
The matrix A has exactly two distinct eigenvalues.

The matrix A has three distinct eigenvalues.

= 9 a w

I prefer not to answer.



Question 4

Consider the following system of linear equations

r; +bx2 49x3 = 1
2.’E1 +6.’E2 +8£E3 = 2
3r1 +T7x9 +T7xz3 = 4

Does the system have solutions?

A. The system has no solutions.
The system has solutions and one degree of freedom.
The system has solutions and two degrees of freedom.

The system has exactly one solution.

= O QW

I prefer not to answer.

Question 5

Consider the function
f(xy, w0, 23) = a:f + 33@3 + J:é + 2z 29

Compute the Hessian matrix f”(x) of f. What is the correct answer?

A. The Hessian matrix f”/(x) of f is positive semidefinite for all x.

B. The Hessian matrix f”(x) of f can be both positive and negative semidefinite.
C. The Hessian matrix f”(x) of f is negative semidefinite for all x.
D (x)

. The Hessian matrix f”/(x) of f can be indefinite.

E. I prefer not to answer.

Question 6

Consider the matrix

8 0 0
A= 0 8 -10
00 -2
This matrix has the eigenvectors
1 0 0
u= 0 v = 1 w = 1
0 0 1
where u and v have the eigenvalue A = 8 and w has the eigenvalue A\ = —2. Which state-

ment is correct?

A. The matrix A does not have three distinct eigenvalues. Hence it is not diagonalizable.
B. The matrix A does not have three linearly independent eigenvectors, and it is not diagonalizable.
C. The matrix A is diagonalizable.

D. The matrix A is not invertible.

E. I prefer not to answer.



Question 7

Assume that A, B and C' are n x n matrices. Simplify the following matrix expression:
C(A+B)(A—B)—-CA?>+ (CB+CA)B
The answer can be written as:
A0

B. ABC
C. -CBA

D. CBA

E. I prefer not to answer.

Question 8

Consider the function

f(x1, @9, 23) = (21 + 39 + 13)°
Is this a quadratic form?

A. No, this is not a quadratic form.
Yes, it is a quadratic form and it is positive definite.
Yes, it is a quadratic form and it is positive semidefinite.

Yes, it is a quadratic form, but it is indefinite.

U QW

I prefer not to answer.
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Question 1

(a) For which values of ¢ are the three vectors

linearly dependent?
(b) Find c1, co such that

(¢) Determine if

is diagonalizable.

Question 2

1 2 —t

t .11 ], -1

1 3 -1

1 2 0
C1 0 + c2 1 = —1

1 3 -1

Consider the function f defined by

f(z1,m2,23) = 1 +x§ +x§ — 2122 — 323

(a) Find the stationary points of f.
(b) Classify each stationary point of f as a local maximum point, a local minimum
point or a saddle point.

Consider the function

f(a,y;p) = —pa + "V

which we view as a function in two variables  and y with an undetermined parameter p.

(¢) Determine if f is convex or concave as a function in z and y.

(d) The function f has a global minimum point. Find this point (z*(p),y*(p)) and
determine the corresponding minimal value function f*(p).

(e) Find the derivative of the minimal value function with respect to p.
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Question 3

(a) Find the general solution of the differential equation
T+atx =2t

with parameter a # 0. What is the general solution if a = 07
(b) Solve the following initial value problem:

P42t 4+ =4, z(0)=1, #(0)=2

(¢) Solve the difference equation

Ti41 — Tt =7rx:+ S, xo = 100s
with parameters r,s > 0.
(d) Solve the following difference equation:

Tipo + 201+ =4t +4, 29=1, z;=1
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Multiple-choice examination in: GRA 60352 Mathematics (Mid-term exam (20%))
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Permitted examination aids: Bilingual dictionary.
Bl-approved exam calculator: TEXAS INSTRUMENTS BA Il Plus™

Answer sheets: Answer sheet for multiple choice examinations
Total number of pages: 5
Number of attachments: 1 (example of how to use the answer sheet)

PLEASE READ THE FOLLOWING BEFORE YOU BEGIN!

e Students must themselves assure that the examination papers are complete.

Students must provide the following information on the answer sheet:

— Examination code
— Personal initials
— Student registration number

The student registration number must be recorded with both the appropriate num-
bers and by putting an “X” by the corresponding number in the columns below.

e Pens with green ink and pencils cannot be used in filling in answer sheets. Answer
sheets must not be used for writing rough drafts.

e All answers must be recorded with an “X” under the letter you believe
corresponds with the correct answer.

e Cancel an “X” by filling in the box completely (boxes that are com-
pletely filled in will not be registered). “X” in two boxes for one ques-
tion will be registered as a wrong answer.

e The attached example shows you how the answer sheet would be filled in if A were
the correct answer for question 1, B correct for question 2, C correct for question
3 and D correct for question 4. An “X” under E indicates that you choose not to
answer question 5.

e Your answers are to be recorded on the answer sheet. Answers written
on the examination papers and not on the answer sheets will not be
graded.

e There is only one right answer for each question. Because the questions are
weighted equally, it can be to your advantage to answer the simplest questions
first.

e Wrong answers are given -1 point, unanswered questions get 0 points (indicated
by an “X” next to E”) and correct answers are given 3 points.

e You can keep the examination papers.
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This exam has 8 questions.
Question 1

Let M be the matrix

1 2 90
1 0 00
M= 2 3 5 8
3 070
What is the rank of M?
1
B. 2
C. 3
D. 4
E. I prefer not to answer.
Question 2
Consider the matrix
-8 10 —4 1

0 -6 8 —4
0 0 -2 0
0 0 1 -1

Compute the eigenvalues of A. Which statement is true?

A:

A. The matrix A has exactly one eigenvalue.
The matrix A has exactly two distinct eigenvalue.
The matrix A has exactly three distinct eigenvalues.

The matrix A has four distinct eigenvalues.

= 9 a

I prefer not to answer.

Question 3

Let A be a 5 x 4-matrix of rank four, and consider the following system of linear equations

1

i) 9

Al 21 =| 3
T3 4

Xy 5

Does the system have solutions?

A. The system has no solutions.
The system has exactly one solution.
The system has solutions and one degree of freedom.

The number of solutions depends on the entries in the matrix A.

= U a

I prefer not to answer.
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Question 4

Consider the matrix

-8 10 —4

A= -6 8 —4

0O 0 -2

and the three vectors
0 1 1
u= 1 vV = 0 w=| 1
5 _3 0
2 2

Which statment is true?

A. The vectors u and v are eigenvectors for the matrix A, but w is not an eigenvector
for A.

None of the vectors are eigenvectors for the matrix A.
All of the three vectors are eigenvectors for the matrix A.

Only w is an eigenvector for the matrix A.

= 9 a w

I prefer not to answer.

Question 5

Consider the function
f(:Cl,IQ,Ig) = 'T% + 2Ig + Ig + 22129

Compute the Hessian matrix f”(x) of f. What is the correct answer?

A. The Hessian matrix £ (x) of f is positive semidefinite for all x.

(x)
B. The Hessian matrix f”(x) of f can be both positive and negative semidefinite.
C. The Hessian matrix f”(x) of f is negative semidefinite for all x.

D (x)

. The Hessian matrix f”/(x) of f can be indefinite.

E. I prefer not to answer.

Question 6
Which statement is not true?

A. If X is an eigenvalue of an invertibel matrix A, then % is an eigenvalue of A~1.
B. If |[A| =0 then A = 0 is an eigenvalue of A.

C. If A is an invertible n x n matrix, then A has n distinct (different) eigenvalues.
D

If ) is an eigenvalue of a matrix A, then A3 is an eigenvalue of A3.

E. I prefer not to answer.
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Question 7

Assume that A and B are n X n matrices. Simplify the following matrix expression:
(A+2B)(A—2B) — (2A + B)?
The answer can be written as:
A0

B. —3A% —4AB - 5B?
C. —3A? + 4AB — 5B>

D. —3A4%2 —6AB +2BA — 5B?

E. I prefer not to answer.

Question 8

Consider the matrices

11 1 10
M:(01>andN: 0 1 1
0 0 1

Are M and N diagonalizable?
A. Both M and N are diagonalizable.

B. M is diagonalizable, but N is not diagonalizable.
C. M is not diagonalizable, but N is diagonalizable.

D. Neither of the matrices are diagonalizable.

E. I prefer not to answer.
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Question 1
Let
1 3 2
A= 3 = 3
2 3 2

(a) Discuss the rank of A for different values of x.

(b) Explain that A is a symmetric matrix. Show that A is indefinte for all values of
x.

(¢) Two firms numbered 1 and 2 share the market for a certain commodity. In the
course of each week, the following changes occur:

{ Firm 1 keeps % of its customers, while losing 2 to Firm 2.

i 3

Firm 2 keeps 3 of its customers, while losing § to Firm 1.

Show that in the long run, Firm 1 will have 1% of the customers.
(d) Let E be a square matrix and assume that 2 is an eigenvalue of E. Show that 10
is an eigenvalue of the matrix E3 + E.

Question 2
Let
h(z,y,2) = 22 — 92 + 122 + 3 — yz + 2°
(a) Find the Hessian matrix h”(x, y, 2).
(b) Find and classify the stationary points of h.

Consider the problem

=z — =0
max f(z,y,z) = 22° — 9y* + 12z subject to g,y 2) =z -
fz,y,2) y J ool 2) =y — 2 =0

(¢) Write down the first order conditions using the Lagrangian

’C(xvywz) = f(xvywz) - Algl(xvyvz) - )\292($,y72)

and show that one obtains A\; = —12, Ay = —18y.
(d) Find all solutions of the first order conditions. Is £ convex as a function of z, y
and z? Is L concave as a function of z, y and 27
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Question 3

(a) Find the general solution of the linear second order differential equation
t

T—Tr+ 12z =e~
(b) Solve the following difference equation:
ZTer1 — 1.08z: +30 =0, z¢ = 800
(c) Solve the following difference equation:
Tito — 112441 + 302 =0, 20=0, x1 =1
(d) Find the general solution of the following differential equation

ittr =13 (t >0)
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CHAPTER 5

Solutions to Exam Problems

This chapter contains solutions to exam problems in GRA6035 Mathematics. The
exam problems are multiple choice midterm exams and ordinary written final exams, and
are given in Chapter 4.
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Total number of pages: 5

Question 1 :
Question 2 :
Question 3 :
Question 4 :
Question 5 :
Question 6 :
Question 7 :
Question 8 :

oNeok vl NoNw)
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Question 1

Let A and B be two matrices defined by

A:

-9 0 5 1 0 1
-4 1 2 and B = 0 ¢t O
-2 0 1 0 0 3

(a) Compute the determinant |A| and the determinant |B|. Compute AB.

Solution.

-9 0 5 10 1
1 2|=1Bl=|0t 0|=3t

2 0 1 00 3
-9 0 5 101 9 0 6
—4 1 2 0t 0 ]=(-41t 2
2 0 1 00 3 -2 0 1

(b) What is the rank of A? Determine the values of ¢ for which B has rank 2.
Determine the values of ¢ for which the rank of AB is 2.

Solution.

|A] #0 = rank A = 3.
1 0

t=0= B=|[ 0 0

0 0

0

|B| = 3t,s0t=0<«= rank B < 3.

Since A is invertible, rank AB = rank B, so rank AB =2 <t = 0.

1

0 | which has rank 2 since =3,sorank B =2 <=1t =
3

11
0 3

Two firms numbered 1 and 2 share the market for a certain commodity. In course of the
next year, the following changes occur:

Firm 1 keeps 25 % of its customers, while losing 75 % to Firm 2.
Firm 2 keeps 50 % of its customers, while losing 50 % to Firm 1.
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We can represent market shares of the two firms by means of a market share vector, de-
fined as a column vector whose components are all nonnegative and sum to 1. Define the
transition matriz T and the initial share vector s by

_{ 0.25 0.50 s
= ( 0.75  0.50 )ands_ ( 52 >
(¢) Show that T has an eigenvector with eigenvalue 1, and find such an eigenvector
v which is also a market share vector. How will the marked shares develop when

s=v?
Solution.
0.25—-1 0.50 -0.75 0.5
[A—1 = 0.75 0.50 —1 ‘ - ’ 0.75 —-0.5 ’ =0
-0.75 0.5
A—-1T= 0.75 —O 5 so (A—Dx =0 <= —0.7521 + 0.5290 = 0 <= —0.752; =
—0.522 == o §
X = ( gmﬂﬂz ) or x = ( where ¢ is any number. 2t +3t =5t =1 — t=1/5 =
2

~(35 )= (53 ).

s = v = market shares will stay constant. Firm 1 has 40 % and Firm 2 has 60 %.

Let M be any two by two matrix such that it has an eigenvector vy with eigenvalue 1 and
an eigenvector vy with eigenvalue 2.

(d) Show directly from the definition of linear independence and the definition of an
eigenvector that vi and vo must be linearly independent.

Solution.

c1vi +cove =0 — A(clvl + CQVQ) =c1Avi + cgAvg = c1 vy + c22vy =0

Subtracting the first equation form the second, we obtain coveo = 0 = ¢ = 0. Then we
have ¢c;vi =0 = ¢; = 0. This shows that v; and vy are linearly independent.

Question 2
Consider the function
fxy, w0, 03) = o3 + 23 4+ 23 + 23 + 2w0w3 — 221 + 1229

(a) Find fi, f4 and f4. Show that (1,—8,2) and (1, —4,—2) are the only stationary
points of f.

Solution.

f4 =323 + 23 + 229

200 —2=0 = z1 =1

209 + 223+ 12 =0 = 229 + 223 = —12
37342234+ 210 =0 = 323 —12=0 = zo = £2
209 + 2203 =—-12 — 29 =—-6—23=—-6F2
Stationary points:

(1,-8,2) and (1, —4,—2).

(b) Classify the stationary points.

240



Solution.
Hessian matrix

2 0 0
f"=10 2 2 .
0 2 6x3+2
2 0 0
£7(1,-8,2)=( 0 2 2
0 2 14
2 0 2 0 0
D1:2>O,D2:’ ‘:4>0,D3: 0 2 2 |=48>0 = (1,-8,2) is alocal
0 2
0 2 14
minimum.
2 0 0
f71,-4,-2)=1 0 2 2
0 2 -10
2 0 2 0 O
D1 =2>0,Dy= =4>0,Ds5=|0 2 2 |=-48<0 = (1,-4,-2)isa
0 2 0 2 -10

saddle point.

Consider the function g defined by
gla,y) = a® +day +4y° +¢¥ —y

(¢) Show that the function g is convex.

Solution.

gy =2z + 4y
gh=4dx+8y+e¥—1
Hessian matrix

2 4

4 8+e¥ )
2 4 . - . . .
= 2eY > 0 = Hessian matrix is positive definite = g¢ is

D1_2,D2_'4 G

convex.

(d) Does g have a global minimum or maximum value? If this is the case, then find
this value.

Solution.

gi=2r+4y=0 = y:—%x

gh = dx+8y+e¥—1=0 = 4x+8(—%x)+e‘éw+1 —e 27— 1=0 = =0 = y=0.
(0,0) is the only stationary point. g convex = (0,0) is a global minimum.

9(0,0) = 1.

Question 3

(a) Find the solution of
&= (t—2)a?
that satisfies z(0) = 1.
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Solution.
x':(t—22)a:2 — Si=t-2 = [Hdo=[(t-2)dt = -2 =3t-2+C =
T = @ g130

—2 -1

t2—4t—2

(b) Find the general solution of the second-order differential equation

& —5i+6x=c¢e.

Solution.

F—5+6x=012-5r+6=0 = r=3,r=2 = x,(t) = Ae?** + Be3..
z,=Ce™ = &, =TCe"" = i, =49Ce"

iy — By + 62, = Ce™(49 —5-7+6) =20Ce™ =1 = C = 5

— A2 3t 1,7
x(t) = Ae* 4+ Be® + 5.

(c) Find the general solution of the first-order differential equation

T+ 2txr = te_t2+t.

Solution.
Integrating factor ¢! —> ze!’ = [te " Tt dt = [teldt = te' —e' +C — z(t) = (
tel — et + C)et

(d) Find the solution of
326 P3lj 4 367 T3t _ 962t —

with z(1) = —1.

Solution.

%(3$2613+3t) — 9x2€3t+x3

%(3€$3+3t _ 262t) — 9x263t+23

Exact.

B, = 3a%e” 3 — h =" 3 L o(t) = h, =3 T 4 /(1)

By =3T3t 4 of/(t) = 3¢ T3t — 22— o/(t) = —2e2 = at) = -2 +C = h=
ez3+3t —e2t 4O

B o= et 3t _ o2t _ |

2(1) = -1 = (VB _ 2 =K = K=0 = e _¢2 =0 = ¢ 3=
e = P43 =2 = 2* =t = x(t) = V.
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NORWEGIAN SCHOOL Department of Economics
OF MANAGEMENT

Solutions: GRA 60352 Mathematics (Mid-term exam (20%))
Examination date: 01.10.08, 14:00 — 15:00

Permitted examination aids: Bilingual dictionary and advanced calculator as a specific
calculator defined in the student handbook

Answer sheets: Answer sheet for multiple choice examinations
Total number of pages: 5
Number of attachments: 1 (example of how to use the answer sheet)

PLEASE READ THE FOLLOWING BEFORE YOU BEGIN!

e Students must themselves assure that the examination papers are complete.

Students must provide the following information on the answer sheet:

— Examination code
— Personal initials
— Student registration number

The student registration number must be recorded with both the appropriate num-
bers and by putting an “X” by the corresponding number in the columns below.

e Pens with green ink and pencils cannot be used in filling in answer sheets. Answer
sheets must not be used for writing rough drafts.

e All answers must be recorded with an “X” under the letter you believe
corresponds with the correct answer.

e Cancel an “X” by filling in the box completely (boxes that are com-
pletely filled in will not be registered). “X” in two boxes for one ques-
tion will be registered as a wrong answer.

e The attached example shows you how the answer sheet would be filled in if A were
the correct answer for question 1, B correct for question 2, C correct for question
3 and D correct for question 4. An “X” under E indicates that you choose not to
answer question 5.

¢ Your answers are to be recorded on the answer sheet. Answers written
on the examination papers and not on the answer sheets will not be
graded.

e There is only one right answer for each question. Because the questions are
weighted equally, it can be to your advantage to answer the simplest questions
first.

e Wrong answers are given -1 point, unanswered questions get 0 points (indicated
by an “X” next to E”) and correct answers are given 3 points.

e You can keep the examination papers.
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This exam has 8 questions.
Question 1

Compute the matrix product

What is the answer?

Al (‘3 f)

E. 1 prefer not to answer.

Solution.

Question 2

Let M be the matrix

1 -3 5
M = 3 0 0
-2 -6 -10

What is the rank of M?

o O O

A1
B. 2
3
D. 4
E. 1 prefer not to answer.
Solution.
1 -3 5

3 0 0|=-180#0 = r(M)=3-[C]
—2 -6 —10
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Question 3

Compute the determinant

1 0 0 0
-1 -2 -2 =2
-3 2 2 2
-3 3 8 9

if possible. The answer is:

A. Tt is not possible to compute the determinant of a 4 x 4 matrix.

[B.] 0
C. -2

D. 2

E. I prefer not to answer.

Solution.

1 0 0 0 o o

-1 -2 -2 -2
3 9 o o |=l]2 2 2 |=0-[B]
3 8 9

-3 3 8 9

Question 4

Consider the following system of linear equations

Z1 +x9 +x3 +ry = 4
21‘1 —|—2l‘2 —|—3173 +31174 = 8
z3 x4 = 0

Does the system have solutions?

The system has solutions and two degrees of freedom.
B. The system has no solutions.
C. The system has solutions and one degree of freedom.

D. The system has exactly one solution.

E. T prefer not to answer.
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Solution.
The system is equivalent to

xr1 +x2 = 4
r3 +x4 = 0
This gives
T = 4— To
T9 = free
T3 = —X4
x4 = free

(4]

Question 5
Which statement is not true?

A. The rank of an m x n matrix is less or equal to the minimum of m and n.

B. Four vectors in R3 are always linearly dependent.

If three vectors in R* are linearly independent, then at least one of the vectors
is a linear combination of the remaining two vectors.

D. If A is any matrix, then the rank of A is equal to the rank of the transposed matrix A7

E. I prefer not to answer.

Solution.

A. The rank is equal to the order of the largest minor # 0, this is < min(m,n) —true

B. The rank of a 3 x 4 matrix is < min(3,4) = 3 < 4 —true

are linearly independent—false

S o o
[ el )
o= O o

D. |M|=|MT] for any square submatrix of A —true

~[C]

Question 6

Consider the function
Q(x1, 20, 13) = x% - x% + x§ + 22129
Is this a quadratic form?

A. No, this is not a quadratic form.
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B. Yes, it is a quadratic form and it is positive definite.
C. Yes, it is a quadratic form and it is negative definite.

Yes, it is a quadratic form, but it is neither positive nor negative definite.

E. I prefer not to answer.

Solution.

Q(0,1,0) = —1, Q(1,0,0) = 1 — D]
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Question 7

Consider the matrices

2 2
M:(2 2>andN:

O O =
[en il R
W DN =

Are M and N diagonalizable?

Both M and N are diagonalizable.

B. M is diagonalizable, but N is not diagonalizable.
C. M is not diagonalizable, but N is diagonalizable.
D

Neither of the matrices are diagonalizable.

E. I prefer not to answer.

Solution.
M is symmetric = M is diagonalizable. N has eigenvalues 1,2 and 3. Since these are
distinct, IV is diagonalizable —

Question 8

Which function is neither convex nor concave?
A f(z,y) = 2%+
B. f(z,y) = —2? —y?
flz,y) = —2% + ¢

D. f(z,y) =2 +y* -z

E. I prefer not to answer.

Solution.
f(z,y) Hessian
A | 2% + 92 < g g > convex
B | —2?—y? _02 _02 > concave
C| —z2+9?2 ( 702 (2) > not convex or concave
D|22+9y% -z < g g > convex
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NORWEGIAN SCHOOL Department of Economics
OF MANAGEMENT

Solutions in: GRA 60353 Mathematics (Final exam (80%))
Examination date: 10.12.08, 09:00 — 12:00

Permitted examination aids: Bilingual dictionary and advanced calculator as a specific
calculator defined in the student handbook

Answer sheets: Squares

Total number of pages: 4

Question 1

Let B and C be two matrices defined by

1 -1 c =5
B—<1 9 )andC—<5 1)

(a) Compute BC and C'B. For which values of ¢ do we have that BC' = CB ?

Solution.

1 -1 c -5 c—5 —6
se=(1 50 ) (s 7 )-(srm )

¢ =5 1 -1 c—5 —c—10
CB_(5 1 )(1 2 >_< 6 -3 )
CB=BC<+=c=—-4

Let
-2 6
=)
(b) Write down the characteristic equation and find the eigenvalues of A.
Solution.
|A — M| = _23_A 1§A ’:/\2+)\—20:0<:>>\:4or>\:—5
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(¢) Find the eigenvectors of A. Is A diagonalizable? If so, find a matrix P such that
D = P71 AP is a diagonal matrix and find D.

Solution.

Since the 2 x 2 matrix A has two distinct eigenvalues, A is diagonalizable.

o —2—4 6 I o ; o
)\4:>< 3 1_4)<x2>0<:>x1+x20<:>

r1 o\ 1 .
< . ) —x2< 1 ) where x5 is free

)\_—5:><_2_(_5) 6 )(ml)—0<:>z1+2x2—0<:>
(
P

3 1—(-5) )

! ) = 29 ( -2 ) where x5 is free
2 1

( } 712 ) — D=P1lAP = ( E)l _05 ) (other answers possible)

]

(d) Let E be a square matrix and assume that ) is an eigenvalue of E. Show that \?
is an eigenvalue of E?2.

Solution.

Ex = Xx for some x # 0 = E?x = E(Ex) = E(Ax) = AEx = A\(Ax) = A?’x = M isan
eigenvaue of £?

Question 2

Let
h(z,y,2) =y*+ 2> +224+9° +yz -1
(a) Find the Hessian matrix h”(x,y, 2).
Solution.
2 0 0
h'(z,y,2) =1 0 12y°2+2 1
0 1 0
(b) Show that h has a unique stationary point and classify this point as a local max-
imum, local minimum or a saddle point.
Solution.

B, =204+2=0h, =4 4+2y+2=0,h, =y =0 = (2,,2) = (-1,0,0)

2 0 0
h"(-1,0,0)0= 0 2 1 |.Dy=2, Dy =4, D3 =—-2 = saddle point
0 1 0




Consider the problem

g(z,y,2) = 2> +y* =2

max f(x,y,z) = 2z subject to { Gy ) =ty tz=1

(¢) Write down the first order conditions using the Lagrangian
)C(l‘, Y, Z) = f(mv Y, Z) - )‘191(1‘7 Y, Z) - )‘292(x> Y, Z)

and show that one obtains \s =2, x = —% and y = -

Solution.

L=2z—M(22+9%) - Na(z+y+2)
L==2Mz—d=0=z=—35%
Ly ==2dy —dp = 0=y = —53

E/ZZQ—/\2=0<:>/\2=2

— o — Ao 1
(d) Substitute x = —%1 and y = —)\% into one of the constraints to obtain A\; = £1

and for each of the different sets of values for the multipliers, find out if £ is convex
or concave. Solve the maximization problem.

Solution.

r=—fandy=—-3 — (7%1)2+(7%1)2:2<:>%%:1<:>>\1:il

M =-1 =2 = L=22+ (22 +1?) —2(x +y + 2) is convex

AM=1X=2 = L=22z— (22 +y?) —2(z+y+ 2) is concave

L is concave for A\; = 1, A2 = 2, so this gives a maximum. We get x =y = —% =-1 =
z=1—-z—-—y=14+2=3

Thus f(—1,—1,3) = 6 is the maximum value

Question 3

(a) Find the general solution of the following differential equation

1

Solution.

. . "t 1 .
Integrating factor is e/ t% = el"t = ¢t : gt + o = 2t <= L(at) = 2t <> at = 12 +
C+=z=t+Ct!

(b) Find the general solution of the linear second order differential equation

T+3T+2x=2t+5



Solution.

P 4+3r+2=0<=r=-1Vr=-2 = g, =A4A-e '+ B.e %

2, =Ct+D = 1,=C = =0

Fp+3iy+ 22, = 0430 +2(Ct+ D) = 3C+2D+20t = 2C =2 and 3C+2D = 5 —>
C=landD=1= z,=t+1

Wegetz=A-e '+ B-e?4t+1

(¢) Solve the difference equation

Typo = 4wpy1 — 4wy, x9=0,21 =2

Solution.

Ti42 :4.'17t+1 —4£Ct <’:,>.’L't+2—4.’17t+1 +4.'L't =0
r2—dr+4=0=r=2

It:(A+Bt)2t — xO:A,xlz(A+B)2 — A=0and B=1
xt:t-Qt

(d) Cousider the differential equation
i+22% =0, 2(0) =1

Explain why this is not a linear differential equation, and solve it as a separable
differential equation.

Solution.

Because of the term z? the equation is not linear. & + 22?2 = 0 <= % = —22? +
14 1 1 1

—wp G =2 [—pdr= [2t = =2+ C =2 = 575

w0)=d=1 = C=1 = a(t) = L




NORWEGIAN SCHOOL Department of Economics
OF MANAGEMENT

Solutions: GRA 60352 Mathematics (Mid-term exam (20%))
Examination date: 29.04.09, 16:00 — 17:00

Permitted examination aids: Bilingual dictionary and advanced calculator as a specific
calculator defined in the student handbook

Answer sheets: Answer sheet for multiple choice examinations

Total number of pages: 4

This exam has 8 questions.
Question 1

Let M be the matrix

0 01
-6 2 5
M= 1 0 3
0 1 1

What is the rank of M?

1
B. 2
C. 3
D. 4

E. I prefer not to answer.

Solution.

rank M = 3 :>

Question 2

Let M be the matrix

u(21)

Compute the eigenvalues of M. Which statement is correct?

A. The matrix M has no real eigenvalues.
B. The eigenvalues are —1 and 4.

C. The eigenvalues are 2 and 1.
D

The matrix M has only one real eigenvalue.

E. I prefer not to answer.



Solution.
The eigenvalues are —1,4 —

Question 3

Compute the determinant

1 0 1 0
0 -2 -2 =2
-3 0 2 2
-3 0 1 2

if possible. The answer is:

A. Tt is not possible to compute the determinant of a 4 x 4 matrix.

E. I prefer not to answer.

Solution.

Question 4

Which function is both convex and concave?

E. I prefer not to answer.

Solution.

Question 5

Let

Compute (AB)~!A. The answer is:
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11

A. 42>

(éo

1 -3

> (5 %)
0

(2 71)

_1 1

6 2

36 12

E. 1 prefer not to answer.

Solution.

(AB)'A=B1A1A=pB"'= (

N O
|
= N
N———
L
Il
7N
I =
N[
Ol

) =[]

Question 6

Let
1 3 5
A= 3 1 4
-2 -6 -10

and let B be any 3 x 3 matrix. Which statement is correct?

A. The matrix product AB is not defined.
The columns of the matrix AB are linearly independent.

The columns of the matrix AB are linearly dependent.

o a =

It is not possible to decide if the columns of the matrix AB are linearly indepen-
dent without knowing B.

E. I prefer not to answer.

Solution.
|[Al]=0 = |AB| =|A||B|=0-|B| =0 = columuns of AB are linearly dependent —>

Question 7

Let
4 3 -5 2 1 0
M = 0O 1 1 u= -1 vV = 1 w = 1
0O 1 1 1 1 0

Which statement is correct?

A. v and w are eigenvectors of M.
B. Oauly v is an eigenvector of M.
C. u and v are eigenvectors of M.
D

Only w is an eigenvector of M.

E. I prefer not to answer.



Solution.

4 3 -5 2 0
Mu = 0 1 1 -1 ]1=10 — u is an eigenvector with A = 0.
01 1 1 0
4 3 -5 1 2
Mv=[ 01 1 1 |=1 2 = Vv is an eigenvector with A = 2.
01 1 1 2
4 3 -5 0 3
Mw=| 01 1 1 |1=11 = Ww is not an eigenvector.
01 1 0 1




Question 8

Let f(z1,22,23) and g(z1, z2,x3) be positive definite quadratic forms.
Which statement is correct?
A. The function f(z1,z2,23) + g(x1,x2, x3) need not be a quadratic form.
B. The function f(x1,zs,23) + g(x1,22,x3) is a positive definite quadratic form.
C. The function f(x1,z2,23)+g(x1, T2, x3) is a negative semidefinite quadratic form.
D

. The function f(z1,xs,x3) + g(x1,x2,x3) is a quadratic form, but it need not be
definite.

E. I prefer not to answer.

Solution.
f(x1,x2,x3) and g(x1, 22, x3) be positive definite quadratic forms = f(x1,x2,x3) > 0 and

g(z1,22,23) > 0 for all x # 0. Thus f(z1,z2,z3) + g(1,22,23) > 0 for all x # 0 =




NORWEGIAN SCHOOL Department of Economics
OF MANAGEMENT

Solutions: GRA 60353 Mathematics (Final exam (80%))
Examination date: 04.05.09, 13:00 — 16:00

Total number of pages: 4

Question 1

Consider the following system of linear equations

T —30333 =0
72171 7105E2 +70I3 =0
—X1 —10.’E2 +40£L’3 = 0

(a) Write down the coefficient matrix of the system. Solve the system, and state the
number of degrees of freedom. What is the rank of the coefficient matrix?

Solution.
Coefficient matrix:
1 0 -30
A= -2 —-10 70
-1 —-10 40

The last equation is the sum of the two first equations, hence the third equation is superflous.
Adding two times the first equation to the second, we obtain

x —30x3 = 0
—10zy +10z3 = 0
From this we get
r1 = 30x3
Ty = X3
x3 = free

Number of degrees of freedom:_1 The rank of coefficient matrix: 3 —1 =2

Consider the quadratic form

Q(x1, 2, x3) = ax? + 23 + ax? + 2(a — 2)z1 23

(b) Find a matrix A such that @ = x” Ax. For which values of a is the quadratic form
positive definite?



Solution.
a 0 a—2
A= 0 1 0
a—2 0 a
a 0 a 0 a—-2
Dlza,DQZ ’_G,Dg_ 0 1 0 =4a—4
0 1
a—2 0 a
Positive definite < D1 >0, Dy >0, D3 >0<4a—4>0,a>0&a> 1

Define

(1)

(¢) For which values of ¢ does T have two distinct eigenvalues?

Solution.
‘ 1;)\ 1%/\ :)\2—2)\—4C+1:0<:>/\:1i2\/6

Two distinct eigenvalues <=-c > 0

(d) Find a value of ¢ such that T is not diagonalizable.

Solution.

Several answers are possible: ¢ < 0 = no real eigenvalues, hence T' is not diagonalizable.
If ¢ = 0 one also finds that the matrix is not diagonalizable. (It is not possible to find two
linearly independent eigenvectors in this case.)

Question 2
Consider the function f defined on the subset S = {(z,y,2) : z > 0} of R? by
flz,y, 2) =22 — 22 4+ 9* + 2° — 32.
(a) Show that the subset S is convex. Find the stationary points of f.

Solution.
Let P = (z1,y1,21) and P> = (22, Y2, 22) be two points in S. A point on the line between
P, and P is given as

(2,y,2) = s(x1,y1,21) + (1 — 5)(w2,Y2, 22)

= (sz1 4+ (1 — 8)xa, sy1 + (1 — 8)y2,21 + (1 — 8)22)

where 0 < s < 1. Since z; > 0 and 29 > 0 it follows that z = 21 + (1 — s)z2 > 0. Hence
(z,y,2) is in S. This shows that S is convex.
Je=20-2=0,f,=2y=0,f, = 322 -3 =0<«= (2,9,2) = (1,0,41). Since (1,0, 1) is
not in S, the only stationary point is (1,0, 1).

(b) Find the Hessian matrix of f. Is f concave or convex? Does f have a global
extreme point? Justify your answer.

Solution.

The Hessian matrix is
2 0 0
0 2 0
0 0 6z

We have Dy = 2, Dy = 4 and D3 = 24z > 0 since (z,y, ) is in S. Thus f is convex. Since

f is convex, (1,0,1) is a global minimum.




Consider the problem

y<5

max f(z,y) = In(x + 1) + In(y + 1) subject to { vty <2

(¢) Write down the necessary Kuhn-Tucker conditions.

Solution.
L=In(z+1)+In(y+1)—M(y—5)— X(z+y—2)

£y =X =0

Ly= g —M—X=0
A >0 ()\1201fy<5)

(d) Solve the problem.

Solution.
Several strategies are possible. Since we must have x > —1 and y > —1, the constraint
y < 5 is inessential. Nevertheless, we solve the problem with two constraints:
y=0xr+y=21y=95 — r=2-5=-3 =
f(x,y) is not defined, hence this case gives no solutions.
y<dr+y=2
Y= 2— T, 1)‘1 = 07

L =—= =X =0

CZ :zii_Al_)Q DS } = sHTga = =y = rtr=2 =
x=1 = (1,1) is a possible solution.
y=95,z+y <2

A=0 = Til = 0 which is imposible, hence no solutions
y<drx+y<2
A =0 = Z_%l = 0 which is imposible, hence no solutions

Maximum: f(1,1) =In(1 + 1) + In(1 + 1) =21In2

Question 3

Find the general solution of the following differential equation

(a)
i+te=3t  (t>0)

Solution.
. 142
Integrating factor: e =e2
1 142

%(xe%tz) = 3tes”” — ez’ = [3text’dt = 3e2” + C — z =3+ Ce 2

[ tdt

(b) Find the general solution of the linear second order differential equation

&+ 5%+ 6z =€

Solution.
r?2 4+ 5r 4+ 6 = 0, solution is: —2, -3 = x = Ae ' 4 Be 3!
z, =Ce = &, =Ce = i,=Ce = Ce'+5Ce'+6Ce' =12Ce' =¢' = C =5

z = Ae ? + Be 3! + Le!

(¢) Solve the following difference equation:

xt+1*3$t*2:07 1'0:0
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Solution.
£t+1—3$t—2:0<:>33t+1=3$t+2<:>$t:3t($0—1733)+1733:St(o—f—l)_l -
$t:3t—1

(d) Consider the following system of difference equations:
Tpp1 = T + 3yt
Y41 = 2wy

with zg = 1 and yy = 0. Derive a second order difference equation for x; and solve
this equation and the system.

Solution.

Ter1 = T + 3y =  Tipo = Tpr1 + Y1 = @1 + 3(2x) = x441 + 6x¢ Thus
we obtain z;49 — x441 — 62, = 0. Characteristic equation is r? —r —6 = 0, solution is:
3,-2 = a2y =A-3+B-(-2)% Fromzg = 1,9 =0, 21 = 1+3-0 = 1. Thus
A+B=13A-2B=1A=2%B=2 = 2,=3-3"+2.(-2)". y =22, =
223014 2. (—2) 1) —

ye=3(-2)""" + 83!
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Question 1

(a)
1 2 —t
t 1 -1 |=3t-3t"=-3t(t—1)=0 = t=0ort=1
1 3 -1
(b) We get a system with three equations:
c1 + 202 =0
Cy = -1
c1+3co =—
which has the unigue solution ¢; = 2 and ¢y = —1.

(¢) There is one eigenvalue A = 1. To find all possible eigenvectors we solve

(AI)xO<:>(8 g)(g)o

<— ( 1 ) =t ( é ) where t is a free variable.

X2

Since it is not possible to find two linearly independent eigenvectors, the matrix
A is not diagonalizable.

Question 2

fl —1—.1’2_0
(a) f2 =29 —21 =0 - $1,$2,x3) (2,17:|:1).
14 —3:6373—0

(b) £ = . Since Ag = ‘ _01 ;1 ‘ = —1, the Hessian matrix is
61‘3
always 1ndeﬁn1te Thus (2,1, £1) are both saddlepoints.
"o eY e 2yey ta _ y2+z _ 2(y2+x)
(c) £ = ( Quer’te et 4 qyPevite | Dy =e >0, Dy =2e >0

The function is convex in x and y.
fi=—-p+ e“y =0
(d) o aa?
[y = 2ye v =0
f*(p) = —plnp+ p (no solutions if p < 0)

and p > 0 = y*(p)=0and2*(p)=Inp =

263



Question 3

(a) The integrating factor is e29” and we get

%(xe%“ﬁ) = 2tez

re3®t — /Qte%“tht = ge%‘”2 +Cifa#0
a

Thus 5
x(t) = -+ Ce 20"
a

Ifa=0wegeti=2 = x(t) =t>+C

(b) The homegenous solution: z;, = (Cy + Cat)e™'. The particular solution: z, =
Aet = A+2A+A=4 = A=1 = uz, = €'. The general solution:
z(t) = (C1 + Cat)e™t + €', Initial conditions: z(0) =C; +1=1 = C; = 0.
T = Cge_t—(C'l—&—Cgt)e_t—Fet — x(t) =Cy—C1+1=054+1=2 = (Cy=1.
Solution

x(t) = e’ +te?

ze=r+1Dz+s =

‘”t—(r+1)t($°_1—(i+1))+1—(7S"+1)

(r+1)" (100r +1) — iy
T

(d) The homogenous solution: z; = (C; + Cat)(—1)". Particular solution: zﬁp) =

At+B — A(t+2) +B+2(A(t+1)+ B)+ At + B = 4A + 4B + 4At =
4t+4 = A=1and B =0. General solution: x; = (C; + Cst)(—1)" + ¢. Initial
conditions: g =Cy =1, 21 = (C1 + C3)(—-1)+1 =1 = Cy = —1. Solution:

zo=(1—t)(=1) +1¢
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Squares

2

Question 1

Let

1 3 2
A= 3 =z 3
2 3 2

(a) Discuss the rank of A for different values of .

Solution.
The rank is 3 if

If x = % the rank is 2.

:9—2x7é0<:>x7ég

N W o=
w s W
DN W N

(b) Explain that A is a symmetric matrix. Show that A is indefinte for all values of

x.
Solution.

D=1

Dy = :1,) 2 =x—9
Ds=9—-2x

The matrix is symmetric since AT = A.

For A to be (semi)definite, D; and D3 (or be zero). Thus 9 — 2z > 0 <= z < 5. Under
this condition, Dy < 0. This shows that A is indefinte.

(¢) Two firms numbered 1 and 2 share the market for a certain commodity. In the
course of each week, the following changes occur:

Firm 1 keeps
Firm 2 keeps

of its customers, while losing 2 to Firm 2.

3

1
% of its customers, while losing § to Firm 1.

Show that in the long run, Firm 1 will have % of the customers.
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Solution.
Let x5 and ys be the number of customers of firm 1 and firm 2 respectivly after s weeks.

Then
(o )=(3 1) (%)
Ys+1 3 1 Ys
Consider 0
(1)
17
Then

(

It follows that ( zs ) will approach (

S

)=(%)

as s increases.

Slesile

PN

(
()
S

~— 5ol

(d) Let E be a square matrix and assume that 2 is an eigenvalue of E. Show that 10
is an eigenvalue of the matrix E3 + E.

Solution.
Let v be an eigenvector for E with eigenvalue 2. Then

(E* + E)v = E*v + Ev =2%v 4+ 2v = 10v

From this follows that 10 is an eigenvalue for the matrix E° + E.

Question 2
Let
h(z,y,2) = 20° = 92 + 120 + y* — yz + 2°
(a) Find the Hessian matrix h”(x,y, z).

Solution.
120 —18 0 0

h'(z,y,2) = 0 2 -1

(b) Find and classify the stationary points of h.

Solution.

B!, = 6x% — 18z + 12 = 0.

hy =2y —2z=0

h,=2z—y=0

gives (1,0,0) and (2,0, 0). We get that h” (1,0, 0) that is indefinite, hence (1,0, 0) is a saddle
point. We get that h”(2,0,0) is positive definite, hence (2,0,0) is a local minimum point.

Consider the problem

,2)=z—2=0
,Z):y—ZZO

gl(xa

max f(z,y,2) = 22° — 9y* + 122 subject to { y
f(z,y,2) y X aolz.y

(¢) Write down the first order conditions using the Lagrangian

‘C(‘T7yaz> = f(xvyvz> - )\1g1($,y,2) - )‘292($7yvz)

and show that one obtains A\; = —12, Ay = —18y.

267



Solution.

£;:12—/\1(—1)—)\2-0:12+/\1:O = M\ =12
Ely:—18y—/\1'0—)\2'1:—18y—)\220 — )\2:—18y
,C’Z:62’27>\1'17>\2'(71):62’27)\14*)\2:0

(d) Find all solutions of the first order conditions. Is £ convex as a function of z, y
and z? Is £ concave as a function of =, y and 27

Solution.
622 =M+ X=0 = 622+12—-18y =622 —-182+12=0 = z=1or z = 2.We get

(1,1,1) +— Ap = —12, 05 = —18
(2,2,2) ¢ Ay = —12, 0y = —24

Hessian matrix of £

0 O 0
0 —18 0
0 0 12z

Thus L is neither convex nor concave as a function of x, y and z.

Question 3

(a) Find the general solution of the linear second order differential equation

F—Tt+ 12z =t

Solution.
Characteristic equation
r?—Tr+12=0
gives general homogenous solution: z;, = Ae*'+Be*!. Finding particular solution z,, = Ce™*
gives C = %. Thus

1
= Ae3 + Bet + —e!
x e e 206

(b) Solve the following difference equation:

ZTey1 — 1.08z: +30 =0, x9 = 800

Solution.

~30 ~30
= (1.08)1(800 — — 22y 4 —2_
2= (1.08)1(800 — —550) + —75g

= (1.08)" - 425 + 375

(¢) Solve the following difference equation:

Tito — 112441 + 302 =0, 20=0, =z =1

Solution.
Ty = 6t - 5t

(d) Find the general solution of the following differential equation

ittr =13 (t>0)
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Solution.
We get

Thus
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