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Section 1.1: Systems of Linear Equations

A linear equation:  (in Xure %)
aixi+axz+ - +a,x, = b

EXAMPLE:
4x1 =5x2+2=x and x, = 2(J6 —x1) +x3
{ !
rearranged rearranged
l 1
3X1—5.X2 = -2 2x1'+x2——x_o, =21/€
f@@t
Not linear: Aecyee 7 Sopet

N
4x1—6x2:@ and Xy = 1/)?_7

A system of linear equations (or a linear system):

A collection of one or more linear equations involving the same
set of variables, say, xi,x,,... , X

e

A solution of a linear system:

Alist (s1,52,...,5,) of numbers that makes each equation in the
system true when the values S1,82,...,8, are substituted for
X1,X2,...,Xn, respectively.



EXAMPLE Two equations in two variables:

x1 + x, = 10 X1~—ZX2=—3
—x1 + x3 = 0 2x1 — 4x, = 8 v &
x| —2Zx —
X2 X3 \ ¢ L(
10
8
6
S 4 §
2 |
2 456 g 10 "
one unique solution | no solution

X1 + X2 = 3

-2x1 — 2x» = -6 N ELD) ,?

QL\ (?C)\;\"\’S
infinitely many solutions = 5 o (deuk)

(Cne

BASIC FACT: A system of linear equations has either
(i) exactly one solution (consistent) or
(i) infinitely many solutions (consistent) or
(iii) no solution (inconsistent).



EXAMPLE: Three equations in three variables. Each equation
determines a plane in 3-space.

i) The planes intersect in ii) The planes intersect in one
one point. (one solution) line. (infinitely many solutions)

iii) There is not point in common
to all three planes. (no solution)




The solution set:
®  The set of all possible solutions of a linear system.

Equivalent systems:
® Two linear systems with the same solution set.

STRATEGY FOR SOLVING A SYSTEM:

® [Replace one system with an equivalent system that is
easier to solve.

EXAMPLE:

/'_—,’——\V
(Added M X1 — 2x3 ”——:/:_1\ v L = a
o M Second 2 = T+ =
5% Lo Al =y

(4\@\/7 o
Added 2.
E. sSccod rowo

oy Mo &ror

Y eou-




X1

+ 3X2

X2

-10

X1

X2

10
5



Matrix Notation

X1 — 2x, = -1 1 -2
-x1 + 3x, = 3 -1 3

(coefficient matrix)

X1 — 2)(?2 = —1 1 -2 {-1 (
—X1 + 3XQ = 3 -1 3 3 ?(1)':2(234*&
(augmented matrix) + 1R
!
X1 — 2x2 = -1 1 -2 -1 ﬁz
X2 = 2 o 1 2 |
!
T U
X1 = 3 [@FJ] VX0 = g
x2 = 2 MJ,Z:} @K\"“‘ﬁz—fL
— = D),



W{- M"\'e
—KM o muddely oy eny Youw
Yo andtu  row.

Elementary Row Operations:

1. (Replacement) Add one row to a multiple of another row.
2. (Interchange) Interchange two rows.

3. (Scaling) Multiply all entries in a row by a nonzero constant.

Row equivalent matrices: Two matrices where one matrix can
be transformed into the other matrix by a sequence of elementary
row operations.

Fact about Row Equivalence: If the augmented matrices of two
linear systems are row equivalent, then the two systems have the
same solution set.



P\\/&v.—, Lorey  non-zero en\«%
W 3?\/6\ ow

EXAMPLE:

- 20+ xo= 0l D=2 1lo |]s
2xy — 8x3 = 0 2 -8 8
—4x1 + 5x2 + 9x3 B -4 5 91-9 |
N2
i - 20 4+ xmo=0 | @©=2 1 0o
20 — 8x3 = 8 0 (-8 8
~ 3 4+ 13x3 = =9 40 =3 13 =9
ot / N

X1 - ZJC2 + X3

Xy — 4dx;

— 3x; + 13X3

+ X3

X3 = N B
=
> Vo e 29



L L d -
X1 = 29 1 0 0129
X2 = 16 01 016
x3 = 3 00 1] 3

Solution: (29,16,3

/‘—__’ R
-

Check: Is (29, 16,3) a solution of the original system?

X1 — 2x3 + x3 = 0

2xy — 8x3' = 8

—4X1 + SXZ + 9JC3 = -9
(29)-2(16)+ 3  =29-32+3 =0
2(16) - 8(3) = 32-24 - 8

~4(29) +5(16) +93) = -116+80+27 =-9



Two Fundamental Questions (Existence and Uniqueness)
1) Is the system consistent; (i.e. does a solution exist?)

2) If a solution exists, is it unique? (i.e. is there one & only one
solution?)

EXAMPLE: Is this system consistent?
X1 - ZXZ + X3 = 0
2xy) — 8x3 =

——4)61 + 5%, + 9x3 -9

In the last example, this system was reduced to the triangular
form:

i - 20 + x» =0 |0 =2 10
X, — 4dx3 = 4 0 (O —4}4
x3 = 3 0 0o @3

This is sufficient to see that the system is consistent and unique.
Why?

10



EXAMPLE: Is this system consistent?
- 3= 8 | 0 3 -6 8§
~2x2+ 3x3 =-1 1 -2 3 -1
5x1 = Tx2+9%3 = 0 5 -7 9 0
Solution: Row operations produce:
B ] N ] [ /“ ]
0 3 -6 8 1 -2 3 -1 1,-2 3141
1 -2 3 -1 0 3 -6 8 |- 0 Q®-6]38
| 57 9 0 [0 3= 5| |0 0 0(
@C\'\g)o/\ &DM«
Equation notation of triangular form:
X1 - 2x2 + 3x3 = -1
3)62 — 6x3 = 8
Ox; = -3 < Nevertrue
The original system is inconsistent!
= NS S o\ Lt ten,
(Pﬁ(\’/c’-\\ S

TN commio

F;g\«u\—- gToQ,Q; O)V C xm‘ )
nNo  <La\LlRNow-S

e

Q\ \V\L

11




EXAMPLE: For what values of # will the following system be
consistent?

3x; — 9%, = 4

—2x1 + 6x, = h

Solution: Reduce to triangular form.

3 -9 4 1 3 4 1 -3 4
2 6 h 2 6 h 0 0 h+d

}

The second equation is Ox; +0x2 = A+ -g— System is consistent

onlyifh+£ =0orn=

12



Section 1.2: Row Reduction and Echelon Forms \-eaaiﬁg
e,r\k\’\s = ,?'\\/0>V

Echelon form (or row echelon form):
1. All nonzero rows are above any rows of all zeros. /

2. Each leading entry (i.e. left most nonzero entry) of a row is
in a column to the right of the leading entry of the row above

it.
3. All entries in a column below a leading entry are zero.

an

EXAMPLE: EcheloKn_fgims/ Numlo s
- ™ r =

pvds — > B £T % % B o«
O M x x x O W «
(a) (b)
0O 0 0 00 0 0B
B O_O 0 0 OJ i 0 O_O_J
O M x x % % % % % % x
0 0 0 M x x *x *x % % x
(c) 0 00 0 M Xk ok % ok
0O 00 0 00 O M x x x
0O 00 0 O 0O 0 W x x

Reduced echelon form: Add the following conditions to
conditions 1, 2, and 3 above:

4. The leading entry in each nonzero row is 1.
5. Each leading 1 is the only nonzero entry in its column.



EXAMPLE (continued):

Reduced echelq_n form :

0% 00 % %« 0 0 % *
00010 * 00  x
00001 * x 00 % x

000000 O0(O0 * *
0000000 O0(D=x

Theorem 1 (Uniqueness of The Reduced Echelon Form):

Each matrix is row-equivalent to one and only one
reduced echelon matrix.



Important Terms:

@ pivot position: a position of a leading entry in an echelon
form of the matrix.

@ pivot: a nonzero number that either is used in a pivot
position to create 0’s or is changed into a leading 1, which in
turn is used to create O’s.

® pivot column: a column that contains a pivot position.

(See the Glossary at the back of the textbook.)



EXAMPLE: Row reduce to echelon form and locate the pivot
columns.

0 -3 6 4|9
-1 -2 -1 31
-2 -3 0 3i-1

1 4 5 -9 | —7

Solution
pivot

- /
1) 4 5 -9 -7
O (g\ 5
-1 -2 -1 3 1
2 3 0 3 -1
0 3 6 4 9
1

pivot column

) 4 -6 6 @j”%g

5 10 -15 -15
3 -6 4 9

L5

(D 4 5 -9 —7
0
0
0

Possible Pivots:



would \ne zero
»\X_ we  Soad (‘deu\ceo{

/ U echulin Youn

 (Dia)s —ol—7 | echelon
X Sor

(D45 9 7
04 -6 -6 0 ()4 |6
000 0 0 ) 000 GB)|o

0 00 -5. 0

Original Matrix:

() T

pivot columns: 1 2 4

Note: There is no more than one pivot in any row. There is
more than one pivot in any column.
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EXAMPLE: Row reduce to echelon form and then to reduced
echelon form:

0 3 -6 6 4\-5
3 -7 8 -5 8) 9
3 -9 12 -9 6( 15

Solution:
0 36 64 -5 | [ 3912 9615
37 858 9 |~| 3-7 8 -58 9
39 12 -9 6 15 0 3 6 64 -5

3 -9 12 -9 6 15
~ 0 2 -4 42 -6
0 3 -6 6 4 -5

Cover the top row and look at the remaining two rows for the
left-most nonzero column.

3 9129615 | | 3912 96 15 |
0 2 -4 42 6 |~| 0 12 21 -3
0 3 -6 6 4 -5 0 3 -6 6 4 -5

D9 12 9 615
~1 0 QO-2 2 11\-3 | (echelon form)
0 0 0 0\ 4

-~ U
no c(b’\v@‘rg v~ \enk <o\ =D et g PRNS

X\)sz')({ &&PE — e D Qe ey Q)&Y S\Y“@ec}\ob\
e, Xy Sree 1,13&:\\_&5 sy, Salaesus

6



Final step to create the reduced echelon form:

Beginning with the rightmost leading entry, and working upwards
to the left, create zeros above each leading entry and scale rows
to transform each leading entry into 1.

3 9 12

0
0

1
0

-2
0

co\s !

ey

-—
—

—

-
-—

—
—

—

9 0 -9 30
20 -7 |~| 01
01 4 | 00
Do 230 24
~l 0o® =2 207
00 00| 4
11 ]
Lo 5
Q\X'L*Bxp\"'l’vﬁ
9\%3“2XL\"?‘
free
dree
1

690 -72 |
2020 -7
001 4

—

'
=D <5 Aree voss

s,



SOLUTIONS OF LINEAR SYSTEMS
— é&?xu\&_m'k‘ vevialdlen

® basic variable: any variable that corresponds to a pivot
column in the augmented matrix of a system.

® free variable: all nonbasic variables.

EXAMPLE:
D60 300 | X1 +6xy  +3x4
00D -8 0|5 X3 —8x4
000 0D\7 Xs
pivot columns: | %, S

basic variables: PSIR SR X'

free variables: K2, Xy



Final Step in Solving a Consistent Linear System: After the
augmented matrix is in reduced echelon form and the system is
written down as a set of equations:

Solve each equation for the basic variable in terms of the free
variables (if any) in the equation.

EXAMPLE:
1 x1 = —6x2 —3x4
x1 +6x3 +3x4 =0 x, is free
X3 —8x4 =5 -ﬁ x3 =5+ 8x4
xs =17 | xals free
X5 = 7

(general solution)

The general solution of the system provides a parametric
description of the solution set. (The free variables act as
parameters.) The above system has infinitely many solutions.

Why?

Warning: Use only the reduced echelon form to solve a
system.



Existence and Uniqueness Questions

EXAMPLE:

3x7 —6x3 +6x4 +4x5 = -5
3X1 —-7JC2 +8x3 ——SX4 +8x5 =9

3x1 -—9x2 +12X3 —9X4 +6X5 =15

In an earlier example, we obtained the echelon form:

@—9 12 -9 615
0 (4 42\

0 0 0 0@ 4 | @s=4)

No equation of the form 0 = ¢, where ¢ = 0, so the system is

consistent.

Free variables: x; and x4

Consistent system
with free variables

= infinitely many solutions.

10



EXAMPLE:
3x1 +4xy, = 3

2x1 45x, = 5 - 2 5 5

—-2x1 —3x, = 1

3 4]-3
~l o@W 3 |-

0 00

Consistent system,

no free variables

3 4 -3

—2 =3 1
3X1+4X2=—3
JC2=3

= unique solution.

11



Theorem 2 (Existence and Uniqueness Theorem)

1. A linear system is consistent if and only if the rightmost
column of the augmented matrix is not a pivot column, i.e., if
and only if an echelon form of the augmented matrix has no
row of the form

[ 0 ... 0 b ] (where b is nonzero).
2. If a linear system is consistent, then the solution contains
either
(i) a unique solution (when there are no free variables) or

(i) infinitely many solutions (when there is at least one free
variable).

Using Row Reduction to Solve Linear Systems

1. Write the augmented matrix of the system.

2. Use the row reduction algorithm to obtain an equivalent
augmented matrix in echelon form. Decide whether the system is
consistent. If not, stop; otherwise go to the next step.

3. Continue row reduction to obtain the reduced echelon form.

4. Write the system of equations corresponding to the matrix
obtained in step 3.

9. State the solution by expressing each basic variable in terms of
the free variables and declare the free variables.

12



a) Whatis the largest possible number of pivots a 4 X 6 matrix can
have? Why?

b) What is the largest possible number of pivots a 6 x 4 matrix can
have? Why?

c) How many solutions does a consistent linear system of 3
equations and 4 unknowns have? Why?

d) Suppose the coefficient matrix corresponding to a linear
system is 4 x 6 and has 3 pivot columns. How many pivot
columns does the augmented matrix have if the linear system is
inconsistent?

13
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1.3 VECTOR EQUATIONS

Key concepts to master: linear combinations of vectors aae-a

_Spanningset:

Vector: A matrix with only one column.

Vectors in R” (vectors with n entries):

U

)

Uy

Geometric Description of R?

Vector [ 1 ] is the point (x;,x,) in the plane.
X2

R? is the set of all points in the plane.



Parallelogram rule for addition of two vectors:

if u and v in R? are represented as points in the plane, then
u + v corresponds to the fourth vertex of the parallelogram

0
whose other vertices are 0, u and v. (Note that 0 = 0 )

EXAMPLE: Letu-= \: ; ] andv = [ ?; . Graphs of u,v

and u + v are given below: Caw = [Vt KZ
’5+\\: ui
X2
4 -
(\X)
3 !
< o
S X o~
21 W v
1! Cen)
v
o . . %X
1 2 3 4

Hlustration of the Parallelogram Rule



graph.

2-(3) = LR)

1
EXAMPLE: Letu-= |: ) J Express u, 2u, and -uona

X2

N

/

W

(Y]

1=

¢\

B3
L]

X1



Linear Combinations

DEFINITION
Given vectors vi,va,...,V, in R” and given scalars ci,¢2,...,Cps
the vector y defined by

is called a linear combination of vi,v», ...,V, using weights
C1,C2,...,Cp.

Examples of linear combinations of viand v»:

3V + 2V, V1, Vi —2V3, 0

\

.\/‘«tb'\iz

W J—



2 -2
EXAMPLE: Letv, = [ | ] and v, = I: ) } Express

each of the following as a linear combination of v; and v,:

- ; }f{“‘f feol s el d]

V, Vv,




EXAMPLE: Lleta,=| 0 |, a2 = 2 |,as = 6 |,
) 3 14 |10
_11

and b = 8
|

Determine if b is a linear combination of a;, a,, and as.

Solution: Vector b is a linear combination of a;, a,, and a; if can
we find weights x;,x2,x3 such that

xi@; +x2a, +x3d3 = b.

Vector Equation (fill-in):

{ A S ~\ X4 +L\XL‘+3)<,S ,\\
X\' 0) + Ky ) T X | G —_ =D 2 tlry | = | R

1 (o

Corresponding System:

X1 + 4x, + 3x3 = -1
2xy + 6x3 = 8
3x1 + 14JC2 + 10x3 = -5



Corresponding Augmented Matrix:

1 4 3 -1 1001 X =\

02 6 8 |~| 010/ = x=—7

3 14 10 -5 00 1|2 s = 2.
o= |\

Review of the last example: a;, a,, a; and b are columns of the
augmented matrix

1 4 3 -1 |
0 2 6 8
3 14 10 -5
(A N
d) dp dasj b

Solution to
xi1a] +x2a2 + x3d3 = b

is found by solving the linear system whose augmented matrix is

[31 ar a3b:|-



A vector equation

xi1d; +x282 + - +XxXpdy = b

has the same solution set as the linear system whose
augmented matrix is

[a1 a, -+ ap \\b ]

In particular, b can be generated by a linear combination of
a;,a.,...,a, if and only if there is a solution to the linear
system corresponding to the augmented matrix.



1.4 The Matrix Equation Ax = b

Linear combinations can be viewed as a matrix-vector
multiplication.

Definition

o fr= Q;—;‘ %n W

T e
[

P
If 4 is an m x n matrix, with columns a;,a,,...,a,, andif xisin
R”, then the product of 4 and x, denoted by 4x, is the linear
combination of the columns of A using the corresponding
entries in x as weights. l.e.,

WXy —
ekt

\JAX/{ a

\('\’Vcd-fw‘

d>
Madni ¢
P\(‘ad—uo\'
EXAMPLE:
(1) [4)
3 ,2
0/ \5

-

2 ]

X1

X2
=Xy dar+xxdaz+--+x,a,

TR
=7 3 +—6 2 =
0 5
24 | [ 31

12 =] o9
30 30




EXAMPLE: Write down the system of equations corresponding
to the augmented matrix below and then express the system of
equations in vector form and finally in the form 4x = b where b

is a 3 x 1 vector.
2 3 4\ 9
-3 1 0 [2

Solution: Corresponding system of equations (fill-in)

Doy N x, v — |
e Ry = | x\.(_zg)-vxl- (.S\)AAM,\L!

- (‘?
.-1‘

~5 X%« K = -2

Vector Equation:

Matrix 3p(- ot
\incer $c0s4w\

\)\‘s'mc) et —v e ckol
\I\/L\L\.o\ L?Y\ Cn..\'wfw




Three equivalent ways of viewing a linear system:
1. as a system of linear equations;

2. as a vector equation x;a; +xa + --- +x,a, = b; or
3. as a matrix equation 4x = b.

THEOREM 3

If 4 is a m x n matrix, with columns ai,...,a,, andif bis in
R™, then the matrix equation

AX =b
has the same solution set as the vector equation
X1d1 +x2dy + --- +Xx,8, = b

which, in turn, has the same solution set as the system of
linear equations whose augmented matrix is

[al a, --- a, b ]

Useful Fact:
The equation 4x = b has a solutionifand only if b is a

\ineer Combinakion of the columns of 4.




1 4 5 [ p
EXAMPLE: Let4 = -3 -11 -14 andb =| b,
2 g8 10 b

- S pu—

e

Is the equation Ax = b consistent for all b?

Solution: Augmented matrix corresponding to Ax = b:

1 4 5 b 1 4 5
-3 —-11 -14 b ~| 01 1\3b1+b2
0 00

2 8 10 b3
... -

Ax =Dbis et consistent for all b since some choices of b
make —2b1 + b3 nonzero.

b\=1 3\93’7—1 = ~2\9‘.-\. b,b—;__ —1*\:_\40 =p F“\\/o\' —r

A Cangistet
Alanm s —



