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Problem 1.

(a) We compute

3v1 + 6v2 − v4 − v5 = 3
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(v2 − v1) · v3 =

0
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2
3
5

 = 3 + 5 = 8

(b) We write the extended matrix of the linear system and perform elementary row operations until we
reach echelon form:1 1 2 3 5 0

1 2 3 5 8 0
2 3 5 8 13 0

 →

1 1 2 3 5 0
0 1 1 2 3 0
0 1 1 2 3 0

 →

1 1 2 3 5 0
0 1 1 2 3 0
0 0 0 0 0 0


Since the final column is a column of zeros and we have pivot positions in columns 1 and 2, we
get that x3, x4 and x5 are free variables, and hence the linear system has three degrees of freedom
and infinitely many solutions. We use the parameters x3 = r, x4 = s and x5 = t, and backwards
substitution to find the solutions: From the second equation, we get x2 + r + 2s + 3t = 0, or
x2 = −r − 2s − 3t. From the first equation, we find x1 + (−r − 2s − 3t) + 2r + 3s + 5t = 0, or
x1 = −r − s− 2t. Hence, the solutions of the linear system can be written

x =
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−r − 2s− 3t
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where r,s and t are parameters corresponding to free variables.

Problem 2.

(a) We write 3
√
x/x = x−2/3 and use the power rule:∫ 8

1

3
√
x

x
dx =

∫ 8

1
x−2/3 dx =

[
3x1/3

]8
1
= 3

3
√
8− 3

3
√
1 = 3(2− 1) = 3

(b) The factorization 6−x−x2 = (2−x)(x+3) of the denominator can be used to find a partial fraction
decomposition:

5

6− x− x2
=

A

2− x
+

B

x+ 3
⇒ 5 = A(x+ 3) +B(2− x)

This gives (A−B)x+ (3A+ 2B) = 5, and hence A−B = 0 og 3A+ 2B = 5. We find that B = A
(from the first equation), and therefore 3A + 2A = 5A = 5, that is A = 1, B = 1. This gives the
integral ∫ 1

0

5

6− x− x2
dx =

∫ 1

0

1

2− x
+

1

x+ 3
dx = [− ln |2− x|+ ln |x+ 3|]10

= (−0 + ln 4)− (− ln 2 + ln 3) = 3 ln 2− ln 3 ≈ 0.98

(c) We use integration by parts with u′ = 4x og v = ln(x + 1), and hence u = 2x2 og v′ = 1/(x + 1).
The indefinite integral becomes∫

4x ln(x+ 1) dx = 2x2 ln(x+ 1)−
∫

2x2 · 1

x+ 1
dx = 2x2 ln(x+ 1)− 2

∫
x2

x+ 1
dx
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We use polynomial division (long division) to simplify the final integral, either from the standard
algorithm or by the following approach:

x2

x+ 1
=

x2 − 1 + 1

x+ 1
=

x2 − 1

x+ 1
+

1

x+ 1
= x− 1 +

1

x+ 1

Hence, we can calculate the expression above in the following way:∫
4x ln(x+ 1) dx = 2x2 ln(x+ 1)− 2

∫
x2

x+ 1
dx = 2x2 ln(x+ 1)−

∫
2x− 2 +

2

x+ 1
dx

= 2x2 ln(x+ 1)− x2 + 2x− 2 ln |x+ 1|+ C

(d) We rewrite the integrand by expanding the fraction by the numerator ex in e−x = 1/ex. This gives∫
1

1 + e−x
dx =

∫
ex

ex + 1
dx

Then, we use the substitution u = ex + 1 with du = ex dx, and get that the indefinite integral
becomes∫

1

1 + e−x
dx =

∫
ex

ex + 1
dx =

∫
ex

u
· du

ex
=

∫
1

u
du = ln |u|+ C = ln(ex + 1) + C

Problem 3.

We find the market equilibrium, where the demand and supply curves intersect, by solving the equation

3300

q + 5
= q + 10 ⇒ 3300 = (q + 5)(q + 10) = q2 + 15q + 50

This gives the equation q2 +15q− 3250 = 0, with solutions q = 50 and q = −65. It follows that the market
equilibrium is given by q∗ = 50 and p∗ = 50 + 10 = 60 since we consider values p,q > 0 for price and
quantum. The market equilibrium and the two curves are shown in the figure below, and the consumer
surplus is the area of the marked region. We compute the consumer surplus CS using the integral

CS =

∫ 50

0

3300

q + 5
− 60 dq = [3300 ln(q + 5)− 60q]500 = (3300 ln(55)− 60 · 50)− 3300 ln 5

= 3300 ln(55/5)− 3000 = 3300 ln(11)− 3000 ≈ 4913
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Problem 4.

(a) We compute the determinant of A by cofactor expansion along the first row:

|A| =

∣∣∣∣∣∣
t 1 4
1 t 4
4 4 4

∣∣∣∣∣∣ = t(4t− 16)− 1(4− 16) + 4(4− 4t) = 4t2 − 16t+ 12 + 16− 16t

= 4t2 − 32t+ 28 = 4(t2 − 8t+ 7) = 4(t− 1)(t− 7)

(b) The system has precisely one solution if and only if the coefficient matrix A has determinant different
from zero, that is |A| ≠ 0. We solve the equation |A| = 0 and get

|A| = 4(t− 1)(t− 7) = 0 ⇒ t = 1 or t = 7

Hence, the system has precisely one solution for t ̸= 1, 7, that is all values of t except t = 1 and
t = 7.

(c) If the system has infinitely many solutions, then |A| = 0, which means that t = 1 or t = 7. But the
system can also have no solutions for these values of t, and we use Gaussian elimination to find the
echelon form in each of these two cases. For t = 1 we get1 1 4 1

1 1 4 1
4 4 4 16

 →

1 1 4 1
0 0 0 0
0 0 −12 12

 →

1 1 4 1
0 0 −12 12
0 0 0 0


and for t = 7 we get7 1 4 7

1 7 4 7
4 4 4 16

 →

1 7 4 7
7 1 4 7
4 4 4 16

 →

1 7 4 7
0 −48 −24 −42
0 −24 −12 −12


→

1 7 4 7
0 −48 −24 −42
0 0 0 9


From these echelon forms we see that there are infinitely many solutions for t = 1 and no solutions
for t = 7. Hence, there are infinitely many solutions only in the case where t = 1. We find the
solutions in this case by using the echelon form above and notice that y is free. The second equation
gives −12z = 12, or z = −1, and the first equation gives x+ y + 4 · (−1) = 1, or x = 5− y. We use
the parameter y = t, and can write the solutions for t = 1 as

(x,y,z) = (5− t,t,− 1)

Problem 5.

(a) Since x ≥ 0, y ≥ 0 and 3x + 4y ≤ 12 the region D consists of the points to the right of the y-axis,
over the x-axis, and under the straight line 3x+4y = 12. We see that the straight line intersects the
axes in x = 4 and y = 3, and hence the boundary of D is a triangle consisting of the line segment
from (0,0) to (4,0), the line segment from (0,0) to (0,3), and the line segment from (4,0) to (0,3).
The region D is shown in the figure below, and consists of the triangle (the boundary), shown in
blue as well as the points inside the triangle (interior points, shown in grey). D is closed since the
constraints defining D are closed inequalities, and it is bounded since 0 ≤ x ≤ 4 and 0 ≤ y ≤ 3 for
all points (x,y) in D. Therefore, D is compact.

(b) The level curve of f(x,y) = x2 − 2x + 4y2 − 8y + 1 at level c is given by the equation f(x,y) = c,
and we rewrite this equation by completing the squares:

x2 − 2x+ 1 + 4(y2 − 2y + 1) + 1 = c+ 1 + 4 ⇒ (x− 1)2 + 4(y − 1)2 = c+ 4

When c > −4, this is an ellipse with center in (1,1), and we write it in standard form as

(x− 1)2

c+ 4
+

4(y − 1)2

c+ 4
= 1 ⇒ (x− 1)2

c+ 4
+

(y − 1)2

(c+ 4)/4
= 1

The half axes are a =
√
c+ 4 and b =

√
(c+ 4)/4 =

√
c+ 4/2. The level curve f(x,y) = 0 is an

ellipse with center in (1,1) and half axes a = 2 and b = 1, and f(x,y) = 12 is an ellipse with center
in (1,1) and half axes a = 4 and b = 2. The two ellipses are shown (in red) below in the same figure
as the region D.
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(c) The points that satisfy the equation f(x,y) = c are on the ellipse with center in (1,1) and half axes
a =

√
c+ 4 and b =

√
c+ 4/2. We see that larger values of f correspond to ellipses with larger half

axes. Hence, the maximum value is the largest value of c such that the ellipse intersects D, and
the minimum value is the smallest value of c such that the ellipse intersects D. From the figure we
see that fmax = f(0,3) = 13, since the largest ellipse that intersects D must go through the corner
(0, 3), and fmin = f(1,1) = −4, since the smallest ellipse that intersects D is the one consisting of
only one point, the center (1,1) of the ellipses. Alternatively, we could also find the maximum and
minimum values by calculation.
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Problem 6.

(a) We use the Lagrange multiplier method with L = x − y − λ(x2 + y2 + x2y2 − 3) to find candidate
points. The three Lagrange conditions are

L′
x = 1− λ(2x+ 2xy2) = 0, L′

y = −1− λ(2y + 2yx2) = 0, x2 + y2 + x2y2 = 3

A point has degenerated constraint if g′x = g′y = 0. The constraint is g(x,y) = x2 + y2 + x2y2 = 3 in
this problem, and this gives

g′x = 2x+ 2xy2 = 2x(1 + y2) = 0, g′y = 2y + 2yx2 = 2y(1 + x2) = 0 ⇒ x = 0, y = 0

We use that 1+x2, 1+y2 ≥ 1 since the squares are non-negative, and this means that 1+x2, 1+y2 ̸= 0
for all values of x,y. We see that the point (0,0) does not satisfy the constraint since g(0,0) = 0 ̸= 3,
hence it is not an admissible point. We conclude that there are no admissible points with degenerated
constraint.

(b) The set of admissible points D is the solution of the equation x2 + y2 + x2y2 = 3. The set D is
closed since it is given from an equality. Since x2, y2, x2y2 ≥ 0, all three terms have values

0 ≤ x2, y2, x2y2 ≤ 3

In particular x2 ≤ 3, which gives −
√
3 ≤ x ≤

√
3, and y2 ≤ 3, which gives −

√
3 ≤ y ≤

√
3. This

means that D is bounded, and hence D is compact. By the extreme value theorem, there must exist
a maximum and a minimum among the points that satisfy the Lagrange condtions, since there are
no admissible points with degenerated constraint. We solve the first order conditions for λ. From
the first equation, if x ̸= 0, we get

1 = λ · (2x+ 2xy2) = λ · 2x(1 + y2) ⇒ λ =
1

2x(1 + y2)

Similarly, if y ̸= 0, we get from the second equation

−1 = λ · (2y + 2x2y) = λ · 2y(1 + x2) ⇒ λ =
−1

2y(1 + x2)

There are no solutions with x = 0, since this would give 1 = 0 in the first equation. Similary, y = 0
would give −1 = 0 in the second equation. We also note that x2 + 1 ̸= 0 and y2 + 1 ̸= 0 since the
squares are always greater than or equal to zero. We may therefore use the two expressions for λ
given above, and this gives

1

2x(1 + y2)
=

−1

2y(1 + x2)
⇒ 2y(1 + x2) = −2x(1 + y2) ⇒ 2y + 2yx2 = −2x− 2xy2
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We write this as 2x+2y+2x2y+2xy2 = 0, or x+y+xy(x+y) = 0, which gives (x+y)(1+xy) = 0.
In the case x+ y = 0, or y = −x, the constraint gives 2x2 + x4 = 3, which can be written

x4 + 2x2 − 3 = (x2 + 3)(x2 − 1) = 0 ⇒ x2 = 1

In the case xy + 1 = 0, or y = −1/x, the constraint gives x2 + 1/x2 + 1 = 3, which can be written

x2 − 2 + 1/x2 = 0 ⇒ x4 − 2x2 + 1 = (x2 − 1)2 = 0 ⇒ x2 = 1

In both cases, we find that x = ±1, so y = −x and y = −1/x give the same y-value y = −x. Hence,
the ordinary candidate points are the same in both cases and given by

(x,y;λ) = (1,− 1; 1/4), (−1,1;−1/4)

These two points must be maximum and minimum points, and since f(1,− 1) = 2 > f(−1,1) = −2,
we conclude that fmax = f(1,− 1) = 2 and fmin = f(−1,1) = −2.


